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SUGGESTIONS TO AUTHORS 


Much needless expense and many errors can be avoided. The 
editors of several mathematical journals have agreed upon the 
following suggestions. 


1. Typewrite words and the very simplest formulas only. 

2. Do not try to typewrite any complex formulas. Write them. rei 

3. Keep a copy, and send the editors two copies, if you can. of 

4. Do not underline any symbols or any formulas. x 

5. Underline theorems with blue pencil (avoid ink). 

6. Follow our recent styles in abbreviations, footnotes, etc. 

7. Write carefully the (often misunderstood) capitals C K P S V W X Z. 

8. Write «, not Write very carefully y \v7vx w. 

9. Among Greek capitals, ue only TAG 

10. Punctuate carefully, especially in formulas; thus: 1, 2,--- , #. 

11. Use the solidus (/) to avoid fractions in solid lines. 

12. Use fractional exponents to avoid root signs everywhere. 

13. Use extra symbols to avoid complicated exponents. 

14. In typewritten formulas, . means “one”; to indicate “ell” in formulas, back- 
space and overprint /; thus: J. Similarly, Q means “zero”; to indicate “cap O,” 
backspace and overprint period; thus: Q. 

15. Avoid a dash over a letter, except for those shown below. 

16. Some samples of unusual types available on monotype machines follow. A 
more complete list of all such types will be sent on request. 


Light Face Greek—a y - - - (all) ABT - - - (all). 
* Light Greek Superiors—4 and **7--- (all except o). 
*® Light Greek Inferiors—,azo and ag... (all except o). 
* Boldface Greek—a@ dwandQ. 
* Lightface German—abcdfpq EFGHF KLMBAONR 
STUBSBWEY B. 
* Boldface German—d B 
Script (special font) -4 B - - - (all). No lower case manufactured. 
* Hebrew— W N 3 3 troublesome to handle. 
Dashed Italics—A 
* Tilda Italics—A a2 N OF 
Tilda Greek—é 9 @ 
* Dashed Greek—a 95 0T. 
* Dotted Greek—y 4 66 € PYG (single dotted ¢ ¢ 5 B 7; double 
dotted + readily available). 


* Additional characters readily available at small cost. 
* Matrices for additional characters are made upon special orders and necessitate 
a delay of from four to eight weeks and average expense of $4.50 per matrix. 
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THE JUNE MEETING IN BERKELEY 


The two hundred seventieth regular meeting of the 
Society was held at the University of California on Thursday 
and Friday, June 20-21, 1929, in conjunction with the June 
19-22 meetings of the American Association for the Ad- 
vancement of Science. Sessions were held Thursday morning, 
Thursday afternoon, and Friday morning. The attendance 
included the following thirty-three members: 

Alderton, J. P. Ballantine, Bateman, Bernstein, Biggerstaff, Cajori, 
Coleman, Corbin, Daus, Doole, G. C. Edwards, Garver, J. L. Gibson, 
W. L. Hart, M. W. Haskell, E. R. Hedrick, Hicks, Jerbert, D. N. Lehmer, 
Lenzen, Leonard, S.H. Levy, McFarlan, F.R. Morris, Pierpont, T. M. 


Putnam, J. M. Rankin, Pauline Sperry, Morgan Ward, G. T. Whyburn, 
W. M. Whyburn, A. R. Williams, B. C. Wong. 


There was no meeting of the Council or of the Trustees 
of the Society. 

The meeting was presided over at various times by Presi- 
dent Hedrick and Professors M. W. Haskell, W. L. Hart 

‘James Pierpont, and Harry Bateman. 

A luncheon for members and their guests was held at the 
Women’s Faculty Club between the Thursday sessions. 

At the Thursday morning session, by invitation of the 
Program Committee, Professor James Pierpont, of Yale 
University, delivered an address entitled Non-euclidean 
geometry in retrospect. The address will appear in full in a 
later issue of this Bulletin. 

Titles and abstracts of other papers read at the meeting 
follow. The papers of the following authors were read by 
title: Clifford Bell, E. T. Bell, Brown, Cook, Craig, Hollcroft, 
Jones, Milne, Pierce, Roberts, Robertson, Rutt, Weyl,.G. T. 
Whyburn (second paper), W. M. Whyburn (third paper), 
Wilder, Woodard, Zippin. 


1. Professor J. P. Ballantine: A vector derivation of 
Cramer’s rule. 
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A system of two equations in two unknowns may be written ax+fy=v7, 
where a=(d;, a2) and similarly 8, y are vectors. It is easily seen from a 
diagram that x is the ratio between the altitudes on the common side 8, 
and hence between the areas of the parallelograms 78 and a8. Hence the 
determinantal formula. The procedure generalizes readily to any number 
of dimensions. The paper will appear in the American Mathematical 
Monthly. 


2. Professor Harry Bateman: Some properties of spheroidal 
harmonics. 


The harmonics of even order associated with an oblate spheroid are 
expressed as definite integrals involving the corresponding harmonics for a 
prolate spheroid and some other interesting relations are obtained. 


3. Dr. Clifford Bell: Polygons jointly related to the rational 
cubics and other curves. 


A study is made of the u-sided polygon having n—1 of its vertices on, 
andallitssidestangentto, a rational cubic, the remaining vertex lying on any 
one of a finite set of algebraic curves f;(x, y, z) =0 of orders mz. The number 
of such n-sided polygons so connected with the cuspidal cubic is 3D 0 ms 
where s is the total number of curves f(x, y, z)=0. The number for the 
nodal cases is given by 3- 20-1 mi. The vertices of the polygons are 
ordered, and in the cuspidal case it is shown that by a simple magnification 
of x, y, and z, dependent only on 7 and the affix of the vertices, any one of 
the curves of the set f;(x, y, z)=0 can be deformed in such a way as to 
contain all of the vertices of given affix belonging to polygons associated 
with this curve and the given cubic. The well known results for triangles 
in and circumscribed to the rational cubics are obtained by specializing 
to the case nm =3 and allowing the curves f;(x, y, z) =0 to become coincident 
with the cubic. 


4. Professor E. T. Bell: Theorems on total representations 
as sums of squares or triangular numbers. 


If m, m are coprime integers >0, and f(x) is uniform and finite for 
integer values of x, f(x) is said to be factorable if f(mn) =f{(m)f(n). Denote 
by O(x), E(n) the total numbers of representations of 1 as sums of an odd, 
an even number of squares of integers 20. Neither of O(n), E(m) is fac- 
torable. In a former note (American Mathematical Monthly, vol. 30 (1923), 
p. 441), it was shown that O(2n+1)>E(2n+1), E(2n)>O(2n) for all 
n>0O. Here this property is widely generalized. As a very special case, 
(—1)"=[>°(—1)i0;(n) /j] where Q;(n) =twice the number of representa- 
tions of m as a sum of j squares with integer roots <0, is factorable, where 
2 refers to 7=1, 2,---,m; the sums of the positive, negative terms re- 
spectively satisfy the same inequalities as E,O. Further, the number of 
representations may be replaced by any even function of the actual in- 
tegers in the respective representations, and the corresponding theorems 
then stated. The like is carried out for representations as sums of positive 
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triangular numbers. The results are scarcely obvious by purely arithmetical 
methods; by the means used in the proofs given here, the theorems may be 
extended indefinitely. 


5. Professor E. T. Bell: Non-existence theorems on the 
number of representations of arbitrary odd integers as sums of 
4r squares. 

This paper appears in full in the present number of this Bulletin. 


6. Professor E. T. Bell: Existence theorems on the number 
of representations of odd integers as sums of 4t+-2 squares. 


The number N(n, 2r) of representations of m as a sum of 2r squares, 
consists of two parts: first, a polynomial in the real divisors of m; second, a 
function which, for m general, is not reducible to a polynomial in the real 
divisors of n. But if m be restricted to be a member of certain arithmetic 
progressions, the second part may vanish identically. In the preceding pa- 
per, the necessary and sufficient conditions that this be so for N(m, 4r), 
m odd, are determined. A remarkable transcendental equation in r is 
the decisive condition. This paper closes, negatively, a reasonable conjec- 
ture arising from the last section of Eisenstein’s classic paper, Crelle’s 
Journal, vol. 34 (1847), p. 35. In order that N(m, 4r+2), m=3 mod 4, 
r>2, shall be a polynomial in the real divisors of m, it is necessary (but not 
sufficient) that 

105(727—1) = — 162) (32"—1). 
A similar condition holds for m=1 mod 4. Necessary and sufficient condi- 
tions, much more drastic, also are obtained, and thence the *“divisor” 
character of N(m, 4r+2) is settled. 


7. Professor E. T. Bell: On the representation of 4t+2 as 


a sum of 4s squares. 
See the preceding abstract. 


8. Professor E. T. Bell: On the application of elliptic func- 
tions to universal and quasi-universal forms. 


A form f of degree 2 that represents all integers >0, or all integers 20, 
is called (after Dickson), universal. If f represents all integers of a given 
type, that type to be finitely definable, f is here called quasi-universal 
where f is not universal. By the method of paraphrase much information 
concerning universal or quasi-universal forms can be obtained from ex- 
tremely simple analysis. By the same method an immediate extension to 
forms of degree >2 is attainable. The possibilities of this application of 
elliptic functions being unlimited, only a selection is given, sufficient to 
show the method. 


9. Professor B. A. Bernstein: On Whitehead and Russell’s 
theory of deduction. 
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Whitehead and Russell in their Principia Mathematica develop a theory 
of deduction as basis for the entire structure of the Principia. The present 
author discusses the nature of this theory and its relation to Boolean 
algebra. 


10. Professor B. A. Bernstein: Application of Boolean 
algebra to proving consistency and independence of postulates. 


The author shows how the problem of determining the consistency or 
the independence of a set of postulates can often be reduced to the solvable 
problem of determining the simultaneity of a set of Boolean relations. 


11. Mr. A. B. Brown: Relations between the critical points 
of a real analytic function of n independent variables. 


Morse’s paper Relations between the critical points of a real function of n 
independent variables (Transactions of this Society, vol. 27, 1925) treats the 
case of non-degenerate critical points, that is, where the Hessian of the 
function f is not zero at any critical point. In the present paper the author 
investigates the case in which this restriction is dropped, but requires f to be 
analytic and have isolated critical points. Given a critical point at which 
f=c, not a point of minimum or maximum, a small (m—1)-sphere with 
center at the critical point is taken, and a corresponding small constant 
e>0. The kth type number of the critical point, k=1, 2,---,—1, is 
defined as the (k—1)st order connectivity number, diminished by unity, 
of the complex of points of the locus f=c—e within or on the sphere. 
Under this count Morse’s relations are found to hold. 


12. Professor Florian Cajori: Generalizations in geometry 
as seen in the history of developable surfaces. 


During the period of primitive intuition in the study of surfaces, only 
cones and cylinders were known to be developable. There followed three 
stages of generalization: (1) by the application of infinitesimal analysis 
to real surfaces, the discovery of other real developable surfaces, as a 
special type of ruled surfaces; (2) by the freer use, in analysis, of complex 
numbers, the discovery of developable imaginary surfaces; (3) by tran- 
scending the limitations of infinitesimal analysis, the discovery of real 
developable surfaces which are not ruled. 


13. Professor Florian Cajori: New data on the origin and 
spread of the dollar mark. 


West Indian manuscripts of 1760 and 1778 link the $ unmistakably with 
the Mexican sign p* for pesos or piastres, the s being brought down upon 
the p. Nineteenth century manuscripts of Lower California furnish cumu- 
lative evidence in support of this origin. The symbol $ spread from the 
West Indies and New Orleans to New York, the Mississippi region, and to 
other places in commercial relations with the West Indies and Gulf Coast. 
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14. Professor Florian Cajori: Absurdities due to division 
by zero. A historical note. 


Bishop Berkeley declared division by zero “shocking to good sense.” 
The first to prove rigorously that division by zero is inadmissible was 
Martin Ohm. The first openly to derive absurdities from division by zero 
was Bernard Bolzano. The first to list the derivation of such absurdities 
as a mathematical recreation was W. W. R. Ball. 


15. Professor A. J. Cook: Pairs of rectilinear congruences 
with generators in one-to-one correspondence. 


When corresponding generators of a pair of rectilinear congruences do 
not intersect, a general theory for the projective study of the configuration 
may be constructed from a system of linear partial homogeneous differ- 
ental equations of the first order in four dependent and two independent 
variables. The theory seems to be well adapted for the study of certain 
correspondences of Fubini, and a complete basis is furnished for their 
further investigation. The relation of Fubini’s work to the earlier work of 
Darboux is also fully established. In connection with these correspondences 
a generalization to surfaces is secured for the concept of intersector curve 
which Lane introduced in his study of pairs of ruled surfaces. 


16. Mr. H. V. Craig: On the simultaneous invariants of two 
functions. 


This paper contains an investigation of the simultaneous invariants of 
two functions F(x,x’,x’’) and H(x,x’). The chief result is a theory of paral- 
lelism developed from a fundamental tensor whose components are func- 
tions of x,x’,and x’’, The magnitude of vectors and the cosine of the angle 
between vectors undergoing parallel displacement are constant. 


17. Professor P.H. Daus: Note on the solution of x*+2=y’. 


The solutions of (1) x*+-2 =? in integers can be obtained from those of 
(2) a?+3a6?—26*=1 and conversely. The fact that (2) has solutions 
implies that the units in the cubic domain defined by 6?+3@—2=0 have 
the form x+6y+6%, with x=X?+3Y?, y=>XY,z=Y*. The units in the 
cubic domain are connected by the recursion formulas s, =3(x;—22:)Sa-1 
—3(x_1—22_1)Sn-2+5n-3, where (x1, 91, 2:) is the fundamental unit and 
(x-1, Y-1, 2-1) its reciprocal. Since s;=(1, —1, —1), these recursion 
formulas can be used to prove (2) has no solution other than the trivial one 
a=1, B=0, and (1) has only the solution x = —1, y=+ 1. Several proofs 
of this fact have recently been given by other methods. The method out- 
lined here may be extended to other equations of the type x*++a =”. 


18. Mr. H. P. Doole: Certain multiple-parameter expan- 
sions. 


This paper deals with the proof of the convergence of the expansion of an 
arbitrary function in terms of the solutions of certain multiple-parameter 
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systems of linear differential equations of the first order in two variables. 
In §2 the solutions of + uaie(x:) ]X;=0, (é=1, 2), are used 
with the boundary conditions X;(ai) =7:X;i(b:), In §3 the system 
Xe’ + tu) X;=0, Xi(—a) = Xi(b), (¢=1, 2), has particular interest in 
the fact that x;*: changes sign in the interval considered. Convergence is 
shown for the case where h; is integral, and possible divergence when h; is 
such that x;*i is complex. In §4 convergence is proved for a certain system 
which has one auxiliary condition at more than two points of the interval, 
namely: X(—1)—2aX(0)—X(1)=0. In §§2-3, the number of parameters 
might have been extended to n. 


19. Professor Raymond Garver: On the Brioschi normal 
quintic. 

The most direct reduction of a quintic equation to the Brioschi normal 
form seems to be that given by Gordan in volume 28 of the Mathematische 
Annalen, and improved successively by Weber and Dickson. However, the 
transformation which effects the reduction is valid only when a rather large 
number of restrictions is imposed on the given quintic. The present paper 
considers the significance of these restrictions (the matter has apparently 
not been considered before), and supplies valid transformations for two 
types of quintics to which the Gordan transformation cannot be applied. 


20. Professor W. L. Hart: Limited trilinear forms in 
Hilbert space. 


If a point x(x, x2, - - - ) lies in real Hilbert space, then (> 1x42)" will 
be called the modulus of x. The author considers real trilinear forms 
A(x, y, 2) =D where (x, y, z) are in H-space. By definition, A 
is limited if, for some K > 0, <K for all and for all 
(x, y, 2) whose moduli are at most 1. It is proved that if, for any specified 
order of summation, A(x, y, z) converges for all (x, y, z) in H-space, then 
A(x, y, z) is uniformly bounded for all (x, y, z) whose moduli are at most 1, 
and hence A is limited. The method used in proving this theorem would 
apply as well to the proof of the uniform finiteness property for multi- 
linear forms of any multiplicity. By use of familiar methods, it is proved 
that, if A is limited, then its formal series converges either as a triple series 
or as an iterated sum, for each possible choice as to the order of summation 
among the indices (z, 7, k). Demonstrations are also given for other easily 
anticipated properties of limited trilinear forms. 


21. Professor M. W. Haskell: The cylindroid in non- 
euclidean geometry. 


The cylindroid is the locus of the axes of a pencil of linear complexes. 
In euclidean geometry this is a surface of the third order and of the third 
class. In non-euclidean geometry, however, a linear complex will have a 
pair of axes, which are mutually polar with respect to the absolute, and the 
locus of the axes of a pencil is a surface of the fourth order and fourth class. 
We shall use rectangular coordinates, so that the equation of the absolute 
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is x?+-4?+2?+#=0. If the special complexes of the pencil are real, their 
axes may be taken symmetrically as the lines 
y—mx=0, z—ct=0; y+mx=0, 2+ct=0. 
The equation of the cylindroid is then, in point-coordinates, 
and, in plane coordinates, 
c(m?+1)En (IP +-02/k*) 
which, as k= ~, reduce to the well known equations of the euclidean ge- 
ometry. The surface is invariant under four infinite sets of collineations and 
is also autopolar with respect to the four pencils of quadric surfaces 
The cylindroid can be shown to be the intersection of two linear complexes 
and of a quadratic complex. 


22. Professor E. R. Hedrick: Generalizations of Cauchy's 
integral theorem. 


In this paper, the author indicates generalizations of the well known 
Cauchy integral theorem for non-analytic functions of a complex variable. 


23. Professor T. R. Hollcroft: Multiple points of algebraic 
curves. 


In 1750, Cramer determined the maximum number of multiple points 
that may occur on algebraic curves of orders up to and including eight. In 
1839, Pliicker derived a general limit to the number of double points of an 
algebraic curve of given order. For multiple points of orders higher than 
two, limits have been found only in the case of individual curves. In the 
present paper, general limits are obtained defining the maximum number of 
multiple points of given order that may belong to an algebraic curve of 
given order. Two limits are found. When the order of the multiple point 
lies within a certain range of values, one of these limits applies; otherwise, 
the other. 


24. Professor Glenn James: Generalizations of Pascal’s and 
Brianchon’s theorems. 


Considering, in the case of Pascal’s Theorem, that five vertices of a 
given hexagon are fixed, this paper studies the locus of the sixth vertex 
when the opposite sides of the hexagon are not necessarily collinear but 
various restrictions have been placed upon the triangle which they form. 
For example, if the determinant of the equations, (in cartesian coordinates), 
of the intersections of opposite sides of the hexagon is equal to a constant, 
the vertices of the hexagon describe twelve conics which reduce to the 
single conic on the vertices of the hexagon when the given constant is zero. 


25. Dr. B. W. Jones: On two regular positive quadratic 
ternary forms. 


A 
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Previous to the appearance of this paper there has been no proof, as 
far as the author knows, that the form x?+8,y?+322? represents all positive 
integers of the form 8n+1 and that x*+2y?+32s? represents all positive 
integers of the forms 8n+1 and 8n+3. The Dirichlet method does not 
apply in this connection. Here, using some results derived by elliptic 
functions together with congruence theory, these proofs are given, thus 
completing the proof of the regularity of these two forms. 


26. Professor L. H. McFarlan: Sets of necessary and suffi- - 
cient conditions for the most simple problem of the calculus of 


variations. 

Bolza in his Vorlesungen iiber Variationsrechnung establishes a set of 
five necessary conditions on an arc joining two fixed points of the plane, 
which minimizes an integral of the form /f(x, y, p)dx, p=dy/dx. He also 
gives a set of sufficient conditions on such an arc in order that it should 
have the above property. These sets are not identical. In his treatment of 
the corresponding problem in the parametric form one set of conditions is 
given which is shown to be both necessary and sufficient in order that the 
arc have the minimizing property. In some respects the two problems 
treated may be shown to differ. For example the minimizing arc in the 
non-parametric form of the problem must not have a tangent parallel to 
the y axis. Such a restriction is removed in the parametric treatment of the 
problem. There exists however a class of problems which may be treated 
by either method. The existence of a set of necessary and sufficient condi- 
tions on the minimizing arc in the parametric problem indicates the ex- 
istence of one such set in the other form. The problem is studied with the 
intention of closing the apparent gap existing between the set of necessary 
and the set of, sufficient conditions in the non-parametric form of the prob- 
lem by transforming the single set of conditions in the parametric problem 
into the non-parametric form. 


27. Professor L. H. McFarlan: Sufficient conditions in the 
problem of Lagrange with one variable end point. 


In the problem of Lagrange one considers an integral f(x, 1, +, Yn: 
yi’, +++, ¥n')dx and a set of differential equations ¢a(x, Yn» 
=0, (2=1,---,m<n). The functions are to 


satisfy the differential equations ¢,=0 and to render the integral an ex- 
treme value. In this paper the values of the functions 9:(x), +--+ , yn(x) are 
considered fixed for x;, while the values for x2 are restricted by a set of 
equations x.=X(t), ye=YVilt),---,yn2=Y,(t). In this paper is given 
a set of sufficient conditions which when satisfied by the functions 
yi(x), «++ , ¥n(x) will cause them to minimize the above integral and satisfy 
the set of differential equations. 


28. Professor L. H. McFarlan: Problems of the calculus of 


variations in several dependent variables and their derivatives 
of various orders. 


— 
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The problem of minimizing an integral whose integrand contains 
x and m dependent variables y;(i=1,---,m) and their derivatives 
ys’, , 20), is treated by means of the known theory of 
the problem of Lagrange in the calculus of variations. Necessary and 
sufficient conditions on the minimizing arc analogous to those of Legendre, 
Jacobi, and Weierstrass in the more simple problems are derived. These are 
readily seen to contain as special cases the results obtained by Forsyth 
(Calculus of Variations, 1927) in which one dependent variable and deriva- 
tives of the first and second order enter the integrand. In the most simple 
problem of the calculus of variations with one dependent variable and its 
derivative of the first order, one passes from the fixed end-point case to 
problems in which the end points are required to lie on certain curves in the 
plane. In this paper the values of the functions y; and their derivatives up 
to and including those of order k;—1 for the values x, and x2 defining the 
end points of the minimizing arc, are restricted by a system of differential 
equations of order k;—1 in the variables y;. The number of these differ- 
ential equations is expressible in terms of m and the numbers k;. For this 
case one obtains a necessary condition corresponding to the usual trans- 
versality condition. For special choice of the differential equations the 
focal point property is also generalized. 


29. Professor W. E. Milne: On the degree of convergence of 
the Gram-Charlier series. 


In a previous communication the author has given certain sufficient 
conditions for an assigned degree of convergence of the series 


fe) =D 


It is now shown that the following conditions are necessary: if R,(x) 
=0O(n-*-*) for every n, where k is an integer and e> 0, then f(x) must have 
a continuous derivative of order 2k; if R,(x) =O(n-*) uniformly in the 
infinite interval, then f(x) =O(x~**) when x is large. It is also shown that 
if f(x) has a (e—1)th derivative satisfying a Lipschitz condition and if f(x) 
and its derivatives vanish to a suitable order at infinity, then the constants 
Cm can be chosen so that R,(x) =O(n-*?). 


30. Professor T. A. Pierce: On an algorithm and its use in 
approximating roots of algebraic equations. 


If in the generating equations of a continued fraction the operation of 
addition be replaced by multiplication and that of division into unity be 
replaced by subtraction from unity we obtain a new algorithm. The ex- 
pansion by this algorithm of any rational number is periodic. Non-periodic 
expansions represent irrational numbers. The application of the algorithm 
in approximating roots of algebraic equations is simple. 


31. Mr. J. H. Roberts: Upper semi-continuous collections 


of continua some of which are unbounded. 
In an abstract of a paper presented to the Society on December 27, 1928, 
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I failed to mention a certain hypothesis in the statement of certain results. 
The corrected statement is as follows: “If G is an upper semi-continuous 
collection of continua no one of which separates the plane S and such that 
(1) every point of the plane S belongs to some continuum of G, (2) at least 
two continua of G are unbounded, and (3) the space of elements of G is 
metric, then the space of elements of G is in continuous one-to-one corre- 
spondence with a subset of the plane S. In the present paper the condition 
that no continuum of G separates S is removed and the space of elements of 
G is shown to be a subset of a cactoid. A cactoid—as defined by R. L. 
Moore—is a bounded continuous curve M lying in space of three dimensions 
and such that (a) every non-degenerate maximal cyclic subset of M is a 
simple closed surface and (b) no point of M lies in a bounded comple- 
mentary domain of any subcontinuum of M. 


32. Mr. J. H. Roberts: On a problem of Menger concerning 
regular curves. 


In 1927 Menger raised the question as to whether or not, for every 
positive number e, every regular curve M is the sum of a finite number of 
continua of diameter less than e, the common part of any two of which is 
at most one point. In the present paper an example is given which shows 
that the answer to Menger’s question is in the negative. It is proved that 
for the special case where the set of points of M of order greater than 2 is 
null-dimensional Menger’s question can be answered in the affirmative 


33. Professors H. P. Robertson and Hermann Weyl: On 
a problem in the theory of groups arising in the foundations of 
infinitesimal geometry. 

The paper appears in full in the present number of this Bulletin. 


34. Dr. N. E. Rutt: On the structure of certain plane 
continua. 


Let x denote a point and Z a bounded plane continuum which is the 
sum of a set [X.| of continua each of which contains the point x, each of 
which remains connected when x is subtracted from it, and no two of which 
have any point in common except x. If none of the continua of [X_] hasa 
bounded complementary domain containing a point of any other continuum 
of the set [X.], order is easily assigned among the elements of [Xa], so 
that with respect to some reference element precedence of elements of [Xa!} 
and clockwise sequences may be defined. The following facts concerning 
the relations possible among the continua of [Xq] are established. If [X;] is 
a clockwise sequence of elements of [X.], then no element Xz of [Xa] pre- 
ceding all the elements of [X;] contains any limit point of [X;] except x. 
If [X;] is a clockwise sequence of elements of [Xa], and if both X. and 
X; are elements of [X_] preceding all the elements of [X;], then of the two 
prime ends of X,+X; containing x which are arc-wise accessible from the 
unbounded complementary domain of X,+ X; the one which is not a limit 
of any element of [X;] is also not a limit of the set of elements [X;]. 


— 
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35. Dr. Morgan Ward: The foundations of general arith- 
metic. 

This paper is the first part of an amplification and extension of two 
short notes on the same topic (Proceedings of the National Academy, 
vol. 13 (1927), pp. 748-749; vol. 14 (1928), pp. 907-911). By taking as a 
basis a set closed under logical multiplication instead of a semi-group closed 
under ordinary multiplication, a postulational definition of an abstract 
arithmetic is obtained which insures unique factorization whether the set 
contains a finite or an infinite number of elements. Furthermore all the 
classical arithmetics (e.g., ideals of an algebraic field) are instances of this 
abstract system. A detailed development of the formal properties of the 
system discloses many analogies with the Boolean algebra of logic. In 
fact, every finite arithmetic may be interpreted as a set of elements in a 
Boolean algebra, although the converse theorem is false. Finally the case 
where the introduction of ideal elements is necessary is studied from the 
same abstract viewpoint. 


36. Professor Hermann Weyl: On the foundations of general 
infinitesimal geometry. 
The paper appears in full in the present number of this Bulletin. 


37. Professor G.T.Whyburn: Note on simple closed curves. 


In this paper it is shown that a simple closed curve (in m-space) may be 
defined as a compact continuum every point of which separates it locally 
into exactly two components; and in the plane it may be defined as a com- 
pact continuum every point of which is accessible from exactly two comple- 
mentary domains. If these continua are not compact, they are open curves. 
It is also pointed out that if every point of a continuum M separates it 
locally into exactly k components, (k finite and >1), then k=2, and Misa 
simple closed curve or an open curve according as it is or is not compact. 


38. Professor G. T. Whyburn: On the set of all cut points 
of a continuous curve. 


In this paper it is shown that as a consequence principally of the author’s 
results on the structure of a continuous curve relative to its cyclic elements 
it follows that the set of all cut points of any continuous curve in a metric 
space is homeomorphic with a certain kind of subset of a plane acyclic 
continuous curve. It is also shown, conversely, that a subset of this kind of 
any acyclic continuous curve in a euclidean space of dimension >1 is 
always identically the set of all cut points of some continuous curve. Thus 
we obtain a complete characterization of a point set which is topologically 
equivalent to the set of all cut points of a continuous curve. Incidentally, 
the results of this paper answer a question raised by C. Zarankiewicz in the 
Bulletin de l’Académie Polonaise, 1926, p. 362. 


39. Professor W. M. Whyburn: Functional properties of 
solutions of differential systems. 


= 
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In a recent paper (Annals of Mathematics, vol. 30 (1928), pp.31-39) the 
author established existence and uniqueness theorems for a general class of 
differential systems. Using the notation of that paper, the present paper 
interprets the notion of the solutions of the differential systems being 
continuous functionals of the functions f;(x, 41, - , Yn), 91, °° * Yn)s 
i, 7=1,--+,m, and proves that under the hypotheses of the above-men- 
tioned existence theorems the solutions of the systems will be continuous 
functionals of this type. The results here include the well known theorem 
concerning the continuity of the solutions of linear systems as functionals 
of the coefficients. The results of the present paper are useful in a study of 
the effects produced by small perturbations on dynamical systems. 


40. Professor W. M. Whyburn: On the critical sets for 
functions of n real variables. 


In a former paper, (Non-isolated critical points of functions, which ap- 
pears in the present issue of this Bulletin (701-708), the author defined crit- 
ical sets for functions of m independent real variables in cases where the 
critical points of these functions were not isolated. Minimal sets were char- 
acterized and theorems concerning the distribution of these were proved. 
The present paper continues this classification of critical sets to define 
several additional classes and extends the former theorems to cover this 
classification. The definitions and extensions are shown to be consistent 
with the classification by Morse (Transactions of this Society, vol. 27 
(1925), pp. 345-396) when the critical points are isolated. 


41. Professor W. M. Whyburn: Functional inequalities. 


Inequalities of the types F(x) < fi(x)gi(x), F(x) Fi(x) ge(x) 
where the functions involved are non-negative and continuous on the open 
or closed, finite or infinite interval X of the real variable x, are studied with 
a view to determining continuous functions h;(x) such that 0 <h;(x) Sgs(x), 
F(x) te fi(x)gi(x) on X, and these functions take on assigned boundary 
values at points of given subsets of X¥. Cases where measurability and 
summability replace continuity in the above statements are treated. Func- 
tions of m real independent variables are considered. Applications to proofs 
of properties of differential equations are given. 


42. Professor R. L. Wilder: Characterizations of continuous 
curves that are perfectly continuous. 


It was shown by R. L. Moore and the author (see this Bulletin, vol. 29, 
p. 294) that in order that a continuum M should be a continuous curve, 
it is necessary and sufficient that every component of an open subset of M 
should be arcwise connected. The present paper considers those continuous 
curves which have the property that all of their subcontinua are continuous 
curves—such curves are called, for the sake of brevity, perfectly continuous, 
or perfect continuous curves. It is shown that the above property character- 
izing continuous curves may be modified so as to characterize perfect 
continuous curves. If M is any point set, and K isan F, which isa subset 


— 


1929.] JUNE MEETING IN BERKELEY 605 


of M, then let us call M—K a quasi-open subsetof M. Then in order that a 
continuum M in E, should be a perfect continuous curve, it is necessary 
and sufficient that every component of a quasi-open subset of M should 
be arcwise connected. Incidentally, it is shown that every connected subset 
of a perfect continuous curve in a locally compact metric space is connected 
im kleinen—a property which also obviously characterizes these curves. 


43. Dr. A. R. Williams: On a type of transformation con- 
nected with a pencil of curves of order n. 


The fact that the n? base points of a pencil of curves of order n are 
determined by n(n+3)/2—1 of them gives rise to transformations of the 
plane. It is the purpose of this paper to discuss the locus of the remaining 
base points when a given number of them are fixed and the others necessary 
to determine the pencil are taken consecutive on some curve. Use is made 
of rational surfaces and developables in space of 3 and higher dimensions. 


44. Dr. B. C. Wong: A certain linear ©'-system of r-ic 
hypersurfaces in r-space. 


The hypersurfaces of order r passing through r+1 given (r—2)-spaces 
in S,form a linear *-system | V|. The composite base manifold of | V| is 
of order r(r+1)/2 and is composed of the r+1 given, (r —2)-spaces and the 
locus of the ~*~ lines incident with them. This locus is of order 
(r+1)(r—2)/2. It is shown that any r hypersurfaces of | v| meet in only 
one distinct point and that, therefore, each hypersurface can be represented 
rationally on a hyperplane of S,. It is possible to find r hyperquadric 
surfaces that will effect the transformation by making any point and the 
point of intersection of its polar hyperplanes with respect to the r hyper- 
quadric surfaces correspond to each other. 


45. Dr. B. C. Wong: An octavic hypersurface in space of 
four dimensions. 


This paper deals with the hypersurface V;_; of order 2’— in r-space 
represented by the equation x/2+-x,!2+ --- +x,/2?=0 and, in particular, 
with the octavic hypersurface V3* in 4-space. V,_; is the generalization to 
r-space of Steiner’s quartic surface in 3-space. It is touched by each of the 
( ry) k-spaces [0<k <r] of the coordinate simplex along 2’-*-! coincident 
(k—1)-dimensional varieties of order 2*-!. The representation of V3° and 
that of its reciprocal hypersurface on a hyperplane are discussed and 
also that of its general hyperplane section. 


46. Professor D. W. Woodard: On a system of axioms for 
two-dimensional analysis situs. 

In the author’s doctoral dissertation, On two-dimensional analysis situs 
with special reference to the Jordan curve theorem, published in volume 13 of 
Fundamenta Mathematicae, the following axiom is used: Jf P is a point 
on the boundary of a region R, there exist two simple continuous arcs AP and 
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BP such that AP—P and BP—P are subsets of R and S—R’ respectively. 
Here S represents the set of all points in the space under consideration and 
R’, the set of points contained in R and its derivative. It is proved that the 
axiom stated above may be replaced by the following weaker axiom: Every 
point on the boundary of a region is a limit point of the exterior of the region. 
In connection with this axiom an independence example is provided. All 
of the results of the paper follow from the modified system of axioms. In 
fact, it is necessary only to make certain additional arguments in the proof 
of Theorem 7 of the paper. 


47. Dr. Leo Zippin: On acyclic continuous curves. 


The author constructs a plane, bounded, acyclic continuous curve which 
has a subset homeomorphic with any given acyclic continuous curve. In 
case the given curve is unbounded it is homeomorphic with the complement 
in a bounded acyclic continuous curve of a subset of end points. He proves, 
also, that if B is a closed and totally disconnected subset of a continuous 
curve C, in order that B be the set of end points of an acyclic continuous 
subcurve of C it is necessary and sufficient that if M is any bounded con- 
tinuous curve of C and D a closed and totally disconnected subset of in- 
terior points of M, then M—D is connected. 


B. A. BERNSTEIN 
Associate Secretary 
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THE PROBLEM OF THE CUBIC VARIETY IN S,* 
BY VIRGIL SNYDER 


1. Introduction. One of the outstanding problems of alge- 
braic geometry that is still unsolved is the classification of 
Cremona transformations in space of more than two dimen- 
sions, and another, closely related to the preceding, is that 
of possible series of composition. 

The theorem of Noether (80), later clarified and inter- 
preted by Segre (90), Castelnuovo (14), Chisini (17), and 
Alexander (1), has answered the latter problem for the plane; 
while a large number of papers, represented in particular by 
the recent work of Hudson (67), Mlodzieioski (73)—(76), 
and Montesano (79), have made the construction of tables 
a definite procedure. 

The smaller problem of the involutorial transformations 
has been completely solved by Noether (81), Bertini (6), 
and others, thus furnishing a weapon of incalculable im- 
portance for the study of various applications. Periodic 
transformations and their groups have been studied from 
various points of view by Kantor (69)—(70), Wiman (112), 
and Coble (20)-(21). 

The corresponding problem in space is still almost un- 
developed. Notwithstanding the excellent report made by 
Coble (22), the less ambitious one by me (103), the ap- 
pearance of the extensive treatise by Hudson (67), and the 
Report of a committee of the National Research Council 
(106), I wish to speak of one phase of the latter problem. 
For regular transformations in space of three dimensions, 
the important theorem of Hudson (66) and a recent memoir 
of Montesano (78) are distinct steps in advance. When the 


* Presidential address delivered before the Society, August 29, 1929. 
Written under the auspices of the Heckscher Foundation for the Promotion 
of Research, established by August Heckscher at Cornell University. 
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defining elements are chosen independently, without contact 
conditions, the table of characteristics for a Cremona trans- 
formation and for its inverse has been completely con- 
structed. 

I wish to confine my attention, however, to the part taken 
by the cubic variety of four-way space S, in the study of 
involutorial birational transformations of 53. 

The study of the involution defined by the web of quadrics 
through six points leads at once to the Weddle surface, the 
locus of the vertex of the quadric cones through the six 
points, as surface of coincident points. If the quadrics of the 
web be made projective with the planes of another space 
Sj, a (1, 2) correspondence is established, and the Kummer 
surface appears as surface of branch points in S{. All the 
properties of the general transformation and of all particulari- 
zations can be made from this point of view. This study of 
(1, 2) correspondences is an extension of that initiated by 
De Paolis (27) for S;, and applied to double planes by En- 
riques (32) and by Castelnuovo and Enriques (15), thus con- 
firming the result obtained by Noether (81) concerning the 
number of plane involutions of order two. 

But the Kummer surface is the apparent contour of the 
cubic variety with ten nodes, as has been shown by Segre 
and further developed by Hudson (68) and by Snyder (101). 
Moreover, the same surface also appears in a similar réle in 
connection with involutions defined by webs of cubic and of 
certain quartic surfaces. See Sharpe and Snyder (100). 

In the same way, the quartic surface with less than sixteen 
nodes, birationally equivalent to the focal surface of line 
congruences of order two and class 3, 4, 5, 6 appear as sur- 
faces of branch points of certain involutions, and each is the 
apparent contour of a cubic variety with one or more actual 
double points. Thus, to a point on the cubic variety cor- 
respond a pair of points in S;, each point of which uniquely 
determines the other. These pairs of points determine an 
involution belonging to V3. 
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2. Rational Involutions. Given an algebraic curve C in S,, 
a necessary and sufficient condition that C is rational is 
that its points can be put into (1, 1) continuous correspon- 
dence with those of a straight line. (Definition.) 

If pxi=fi(y1, ye), (@=0,1, - --, m), define the coordinates 
(x) of a point on C(x) and 41, y2 those of the image point on 
the line, then f; is a rational integral polynomial homogeneous 
in V1, 

If several sets of values of 1, ye define the same variable 
point (x), then functions can 
be found such that the relation between (y’) and (x) is (1, 1). 
This is expressed by saying that every involution on a rational 
curve is rational. (Theorem of Liiroth (71)). 

Similarly, given an algebraic surface F(x) in S,, such that 
px:=fi(y1, Ye, ¥3), wherein each f; is a rational integral form 
of the same degree in (x), then F(x) is rational. If several 
sets of values of (y) define the same variable (x), then 
functions y;=@;(yi, y¢, yz) can be found such that the re- 
lation between (y’) and (x) is (1, 1). Hence every involution 
on a rational surface or in particular on a plane, is rational. 
(Theorem of Castelnuovo (11).) The theorem for involu- 
tions of order two was already known. See Noether (81) 
and Bertini (6). More recent contributions to the classifi- 
cation of plane involutions of order higher than two have 
been made by Howe (65), Hollcroft (64), and Sharpe (99). 

Given a three-dimensional manifold M;(x) and px; 
=fi(y1, Ye, Ys, Ys) A Parametric representation, wherein f; is 
a rational integral form, we cannot conclude whether M; is 
rational or not. The condition is necessary but it is not suffi- 
cient. If various sets of values (y) define the same variable 
set (x), it may not be possible to find a set of functions 
yf, yd) such that the relation between (x) on 
M;(x) and (y’) in Sj is (1, 1). (Theorem of Enriques (36).) 

Illustrations have been given of irrational involutions in 
S; belonging to a three-dimensional variety; others were 
furnished by Aprile (2) but all are of order iarger than two. 
No illustrations have been found of three-dimensional in- 
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volutions of order two that are known to be irrational. 

In particular, it is not known whether the points of the 
general cubic variety V3; in S, can be put into (1, 1) corre- 
spondence with those of 53. 

It is known that an involution of order two in S; belongs to 
it. The existence of this involution was known to Noether, 
and later proved by Segre (89) and by Marletta (72). The 
actual form of the parametric represention is 


px, = yi2(2y3 yays + Ays + 

prs = — 

px, = + Byiva = Cys), 

pxs = — + Ayiys + Cy), 

Vs = + xgx5? + + bx, +C= 0, 
@ = + a1%3 + Qe, A= + 
= + + be, B= = biys?y1 + boy”, 

C = + Coxs + Cs, C = — Coys*y1 + 


where aj, b;, c; are binary forms of order i in x; and x2. 

This form of order 7 is the simplest one consistent with a 
quadratic locus of invariant points. This result was obtained 
and the associated involution of order 6 is described by 
Snyder (104). 


3. Involutions Belonging Multiply to a Line Complex. 
Every V3 contains ©? straight lines. See Enriques (28) and 
Fano (57)—(58). Let / be a line on V3, and P any point on V3. 

The plane (P, 1) meets V3 in a residual conic through P 
which meets / in two points Z;, Z:. The line PZ; is tangent 
to V; at Z;. Conversely, any line tangent to V; at a point Z 
on / meets V3 again in a point P. 

Between the points P of V; and the tangents at points on 
l there is therefore a (1, 2) correspondence. These tangent 
lines form a special linear line complex which can be mapped 
birationally on the points of an S;. The lines joining a pair of 
associated points PP’ in S; always meet the rectilinear image 


— 
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of 1; hence they define a special linear complex. But every 
line of the complex contains two pairs of associated points. 
(Snyder (104).) 

Other J, in S; exist which are contained multiply in a 
rational complex. The simplest one is obtained by con- 
structing a (1, 2) correspondence between a pair of lines on a 
regulus and the quadrics of a pencil. A point P of S; de- 
termines a quadric passing through it, and hence a pair of 
directrices (d, d’) of the regulus. The transversal of (d, d’) 
through P meets the quadric in P’. The line PP’ contains k 
pairs of associated points, and belongs to a general linear 
complex. (Snyder (107).) 

Consider a line : and a pencil of surfaces of order m having 
the line to multip!.city »—2. Make the same (1, &) corre- 
spondence between the points of the line and the surfaces of 
the pencil. The line may be replaced by a conic provided 
the surface is of orde: less than 5, or by a space cubic. 

A pencil of quadrics and a rational curve of any order may 
be taken. Similarly, a linear system consisting of a line and 
of a rational curve of order m meeting it in m—1 points may 
be put in (1, 2) correspondence with the quadrics of a pencil. 
Either the line or the curve may remain fixed. The system 
may be replaced by a pencil of cubic curves as directrices. 
All of these forms contain types which belong to the cubic 
variety as particular cases. Incidentally they all possess 
properties not shared by ¢ ther involutions heretofore known. 

Another illustration is hat of order 7 found by Montesano 
(77). Given five linear ‘ine complexes K; and a projective 
form gor g of five elemei:1s. An arbitrary plane of space has 
five poles O; as to K;, and in it is one point O’ such that the 
lines O'O; Ag. There is one and only one complex K in in- 
volution with every K;. The plane z has a pole O as to K. 
The relation between O, O’ is birational and involutorial. 

The line OO’ describes a linear complex K and every line 
of K contains three pairs of conjugate points. There is no 
surface of invariant points, but a curve of order 8 and genus 
5, birationally equivalent to the only fundamental curve of 
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the system, apart from parasitic lines. It is not known 
whether this involution belongs to the cubic variety or not. 
Its properties are different from those of the other types just 
mentioned. 

In particular, if the set of complexes be considered, such 
that each new one is in involution with five of the given ones 
(K;, K), and the corresponding transformation be con- 
sidered, the réles of the fundamental curve and of the curve 
of invariant points will be interchanged. The scheme really 
furnishes ©? pairs of such complementary involutions, corre- 
sponding to the ? possible values of g. 


4. Infinite Discontinuous Groups. Various infinite dis- 
continuous groups which belong to V3; exist. We shall 
consider six distinct generating operations numbered (a), 
(b), (c), (d), (e), (f) below. It has not been shown whether 
others also exist. 

(a). The projection of V3 upon itself from a vertex A upon it. 
The product AB of two such projections is not periodic, nor 
can it be replaced by another product. Similarly for the 
product of three or more such projections. 

The projection A is Cremonian, and quadratic. An S; 
is transformed into a quadric variety having the polar 
quadric of A for locus of invariant points. The hyperplanar 
sections of V; are transformed into sextic surfaces all passing 
through the six lines of V3 which pass through A. These 
lines have the property that the image of a point on any one 
of them is the whole line passing through it. 

In the product AB the S; sections of V3 are transformed 
into surfaces of order 12, having six double basis lines through 
B, and six conics, all lying on a quartic surface, through an- 
other point, the image of A in the operation B. Similarly 
for products of more projections A, B, C---. (Snyder 
(102).) 

(b). Let 1 be a fixed line on V;. A point P of V; and | de- 
termine a plane which meets V3 in a residual conic passing 
through P. 


i 
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The line / has a pole L as to this conic. The harmonic 
homology defined by L and / leaves the conic, and hence 
also V3, invariant. The transformation is Cremonian, of 
order 8. The conjugate of an S; contains / to multiplicity 7. 
The locus of invariant points is a variety of order 5, contain- 
ing / to multiplicity 4. The image of / itself is a variety of 
order 7, containing / to multiplicity 6. Every S; through / 
is transformed into itself. 

There are ©? lines on V3, each of which has an associated 
involution (b). The product of two such involutions, asso- 
ciated with different lines, is not periodic, nor can one such 
product be replaced by another when the lines are taken 
arbitrarily. 

The product of a transformation of the type (a) and a 
transformation of the type (b) is in general not periodic. 
(Snyder (102).) 

(c). Consider a pencil of S; having r: (ax)=0, (bx) =0 
for base, and the line l=x,=x,.=x,;=0 on V;. Make the 
points of the line and the hyperplanes of the pencil pro- 
jective, by associating each S; with the point P in which 
it meets /. Project the cubic surface S;, V into itself from P. 
The transformation is Cremonian, of order 4, the funda- 
mental elements are / taken simply, and the basis plane 
taken twice. The locus of invariant points is a cubic variety 
containing /, x each simply. 

A transformation of this kind exists for every line / on V, 
and when / has been fixed, the basis plane may be chosen 
in ©* ways. The product of two or more transformations 
of this type is not periodic. The product of any transforma- 
tion of type (c) with one of type (a) or of type (b) or any 
sequence of (a), (b), (c) is in general not periodic. 

The line / may be replaced by a conic, provided the basis 
plane has one point on it. The variety V3; contains «* 
conics. Moreover, a space cubic with two points on the 
basis plane or a rational quartic with all three basis points 
upon it, may be taken. The directrix curve appears as a 
basis curve with multiplicity equal to its order in every case. 
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(d). Assume an arbitrary fixed line m through a point M 
on V3, but not lying on V3. A point P of V; and the line m 
determine a plane which meets V in a cubic curve through M. 
The first tangential M’ of M, joined to P, meets V; in P’. 
The transformation P, P’ is involutorial and Cremonian of 
order 8. The locus of M’ is the surface of intersection of V3 
and the three-dimensional tangent space at M, of order 3. 
Every plane through m is transformed into itself. The 
transformation in each such plane is quadratic, a perspective 
Jonquiéres type of the third kind. The fundamental line is 
the tangent to the cubic curve at M’, and the locus of in- 
variant points is the polar conic of M’ as to the cubic. The 
images of the hyperplane sections |x| of V3 are surfaces of 
order 24, |8x|, having M to multiplicity 6, and the six lines 
of V through M to multiplicity 2. They also contain the 
locus of the first tangential of M’ as the plane describes the 
linear system through m. 

The product of two transformations of type (d) is not 
periodic. There are ©* points on V3, and 7? directions m 
associated with each point. The properties of this trans- 
formation should be further studied, both in S, and in $3. 
Many of them are different from those of involutions hereto- 
fore known. The product of a transformation of type (d) 
with any one of a preceding type or one derived from any 
combination of the preceding types is in general not periodic. 

(e). Let l,l’ be two skew lines on V; and x a plane not meeting 
either. The plane is the basis of a pencil of S;. The Ss; 
through a point P meets (J, 1’) in (K, K’). The line (K, K’) 
meets V in M. The line PM meets V; in P’. The trans- 
formation is involutorial, and consists in interchanging P 
and P’. The locus of M is a rational Cy. The lines / and 1’ 
lie in a space 23; which cuts V; in a cubic surface F; con- 
taining / and l’. The pencil (.S;) meets (J, 1’) in ranges pro- 
jective with it, hence with each other, hence (K, K’) describes 
a quadric surface Hz in 23, through (I, 1’). The residual 
intersection of F; and Hz is a rational C, which meets (I, 1’) 
each in three points. 
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Either or both lines may be replaced by conics skew to 
each other, provided 7 meets each conic in one point, or 
one may be replaced by a cubic with two points on 7, 
with the other directrix either a line skew to 7 or a conic with 
one point on z. When both directrices are cubics, they must 
have a common point on 7. Corresponding forms exist in a 
three-way space which leave a given cubic surface invariant, 
each of which presents interesting configurations of funda- 
mental elements. 

(f). Another transformation is the following. Given a 
line 1 on V; and a plane x of S4, skew to l. 

The points O of z and the planes through / are projective, 
and perspective. The plane through / meets V; in a residual 
conic. Consider the harmonic homology having O for center 
and its pole as to the conic in its associated plane for axis. 
This procedure defines an involutorial birational trans- 
formation which leaves each conic of / in a plane through / 
invariant, and hence transforms V3 into itself. 

It is Cremonian. The line / and the plane cubic curve sec- 
tion of V; by 7 are the fundamental elements. The plane 7 
may be replaced by any rational surface meeting an arbitrary 
plane through / in one point apart from those on J. 


5. Continuous Groups. A curve of genus zero belongs to a 
three-parameter group of continuous transformations. One 
of genus 1 has ©! transformations which do not form a group. 
If the genus exceeds unity, the curve belongs at most to a 
finite group. Surfaces invariant under ©! linear trans- 
formations are rational or reducible to ruled surfaces. If 
they are invariant under ©? such transformations they are 
necessarily rational. (Fano (40).) Every algebraic surface, 
invariant under a transitive continuous group of linear trans- 
formations, can be transformed birationally into a plane, or a ~ 
quadric of S3, or into a rational cone normal in a certain 
Sm+1 in such a manner that the group considered gives rise 
respectively to a group of plane homographies, or to a group 
of homographies in S3, or in Sm4:, each leaving the associated 
form invariant. (Fano (41) and (44).) 
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Every three-parameter linear group of S; leaves a series 
of forms generated by planes invariant, none containing a 
simpler one. (Fano (40).) 

The three-dimensional varieties of Sy invariant under 4 
continuous linear transformations are classified into five 
types, which do not include the general cubic variety. (Fano 
(43).) 

Surfaces invariant under a continuous group of Cremona 
transformations are all reducible to rational surfaces in S; 
invariant under linear transformations. (Fano (45).) 
Similarly for three-dimensional varieties. (Fano (46).) 

Given a homogeneous linear differential equation of order 
n. If a system of solutions 4:1, - - - , yn be regarded as pro- 
jective coordinates of a point of S,_1, the point will describe 
a rational curve when the coefficients in the given equation 
are rational functions of x. If the (y) satisfy one or more 
algebraic relations, the curve will lie on a corresponding 
number of varieties. The group of rationality of the equation 
leaves each variety of the system invariant. Finite groups of 
Cremona transformations in the plane, both according to the 
order and to the type, in the sense of Kantor and of Wiman 
have all been determined in this way. (Enriques and Fano 
(38).) The types of continuous groups in the plane are pro- 
jective, quadratic and Jonquiéres, and in S; contain these 
and two other ©*types. The generalized Jonquiéres groups 

‘leave a pencil of planes or a bundle of lines (or both) in- 
variant. (47). 

The imprimitive groups of continuous Cremona transfor- 
mations in S; belong as subcases in the types derived by 
Enriques (29) and Fano (46), (48). 

The complete enumeration of continuous Cremona trans- 
formations in S3 can be made by starting from the generating 
infinitesimal transformation. This has been done and the 
preceding results confirmed. (49). 

A differential equation of the type in question is always 
solvable when more than one algebraic equation is identically 
satisfied by the solutions. (50). 
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The group of rationality may leave a quadratic form in 
S,-1 invariant. (52). For 2=6, this case can be interpreted 
in terms of lines of S3;; instead of a curve, the locus is now a 
ruled surface. For n =5, the same interpretation can be made 
by assuming a linear relation among six solutions. The ruled 
surface is then contained in a linear line complex. (51). If 
the discriminant of the quadratic form vanishes (special 
complex), the equation can be reduced to one of order 4. (54). 

Every M; invariant under ©? projective transformations 
is rational. If the group is not integrable, the existence of 
1 rational surfaces on it insures its rationality. (53). 

These results have been collected and systematically 
developed by Fano (55). It is shown that the existence of 
algebraic relations among the fundamental solutions of a 
linear differential equation is a necessary and sufficient 
condition for the vanishing of certain invariants belonging 
to the equation. 

On the general quartic three-dimensional variety V3 of S,, 
without double points, the system of hyperplane sections is 
the only linear system of regular surfaces with genera equal 
to unity and of dimension not less than 2. This variety is not 
invariant under any birational transformation, with the 
possible exception of linear ones. 

The M;§° of S;, complete intersection of V? and V#, does 
not contain such surfaces either. Every birational trans- 
formation which leaves it invariant is the product of a finite 
number of double projections from lines lying on it and of 
possible linear transformations. (Fano (61).) 


6. Invariants. The question naturally arises whether 
algebraic or topological invariants exist, particular values of 
which can indicate the rationality or irrationality of V3. 

A necessary and sufficient condition that an irreducible 
algebraic curve in space of any number of dimensions shall 
be rational is that its genus is zero. (Clebsch (18).) 

An algebraic surface has an infinite number of invariants 
analogous to the genus of a curve, but a necessary and 
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sufficient condition that a surface shall be rational is that 
its arithmetic genus p, and its bigenus P2 should both be 
zero. (Castelnuovo (13).) That a surface may have both its 
geometric genus and its arithmetic genus equal to zero and 
still not be rational, was shown by Enriques (35). 

A system of invariants of three-dimensional varieties was 
determined by Pannelli (84), analogous to the genera of a 
surface. (Castelnuovo and Enriques (16).) Some of the 
fundamental concepts of invariants on hyperdimensional 
manifolds had been discussed by Noether (82). It was then 
shown by Severi (97) that all these invariants vanish for 
the cubic variety of S,, also for the general quartic V+ 
of Ss, and for the M;°=(V?, V@) of S;, hence that the 
various indices of irregularity are zero. These latter V#, 
M;° contain only complete intersections. (Severi (92), 
Fano (59).) 

The algebraic surfaces contained in V; were obtained by 
Fano (56). 

The M;° is the representative of the general cubic line 
complex of S;, which has been extensively studied by Voss 
(111) and by Veneroni (109). In particular, it has ©! linear 
pencils of lines or quadric reguli, hence M;° contains 21 
straight lines. By projecting the manifold from one of them, 
it can be mapped on S; doubly, with a sextic surface of 
branch points. The two forms, V3‘ and M;‘, are birationally 
distinct. (Fano (59).) 

The assumption that either contains a homaloidal system 
of surfaces leads to a contradiction; hence both of these 
forms are irrational, that is, they can not be mapped bira- 
tionally on S;. (Fano (59).) However, both can be mapped 
on S; by means of an involution that is rational in one sense 
only. 

The actual process was outlined for M;° by Enriques (36), 
which establishes the important result that irrational in- 
volutions in S; exist. Other examples of involutions belonging 
to three-dimensional varieties were given by Marletta (72), 
and Aprile (2) showed that the Enriques involution is of 
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order 216, but that the manifold can be mapped on 5S; by 
means of an involution of order 36. Further conditions for 
rationality were found by Enriques (37). 

These forms are much more general than V?. The general 
M;‘ does not contain any planes, since the general cubic line 
complex of S; does not contain a bundle of lines. If now the 
complex be particularized to contain three distinct bundles 
of lines (or dually, three plane fields of lines), then the M,° 
contains three planes belonging to the same system on the 
quadric variety passing through it. This particularized M,° 
is birationally identical with the general V#. 

Similarly, the V# can be particularized to the extent of 
having a double line and still be much more general than the 
general cubic variety. It may be desirable to study the 
properties of these particular forms in order to obtain those 
of the general V#. 

The two general forms V and M;° are included in the 
general category M??-? of S,4;: (Fano (62)) having surface 
sections regular with all their genera equal to unity, and 
curve sections canonical curves of genus p. V3‘ corresponds 
to p=3 and M;° to p=4. The case p=2 appears as a double 
S; with a sextic surface of branch points, but this can be 
obtained by projecting M;° upon S; from one of its lines, in 
a particular form. 

The case p=5 is represented by the intersection of three 
general quadratic varieties in S;. It contains no surfaces 
other than complete intersections with other forms. This 
manifold can be mapped on S$; by an involution of order 4. 
It contains an infinite number of rational congruences of the 
first order, of rational curves. 

The general of S, has been studied from various 
points of view, but most of the properties found for larger 
values of do not exist for m=3. (Enriques (33).) 

As yet no topological invariants have been found that are 
characteristic of the general V#, normal in Sz 

Various properties regarding the analytical representation 
of a variety and of manifolds have been found by Severi 
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(91), those regarding postulation (93), those concerning 
complete intersections of non-singular forms (94), (95). 


7. Sections by |\S;|. If all the plane sections of a surface 
in S; are rational, the surface is rational. It is either ruled or 
is a Steiner quartic surface with three concurrent double 
lines. (Picard (85), Guccia (63).) 

If the sections by |S,1| of a manifold M; in S, are rational 
surfaces, M; is rational except possibly when M; is V# of Sy, 
concerning which no conclusion can be drawn, as the method 
does not apply. (Fano (60).) 

Probably the transcendental methods of Bagnera-De 
Franchis (3)-(5), those of Enriques-Severi (3), and those 
of Severi (96), (98) as applied to hyperelliptic surfaces, may 
be extended to three-dimensional varieties. As yet no light 
has been thrown on V#? from this source. Another possible 
method of extension is that of Comessatti (23) in his study of 
real rational surfaces. 


8. Rational V?. Let there be given a cubic variety V# (x) 
=0 in S,, such that each x; may be expressed in the form 
pxi=filyi, Ye, Ys, ys), each f; being a rational quaternary 
form of order N. When these values of x; are substituted in 
V(x) =0, it shall be identically satisfied, and that for an 
arbitrary set of values of the y;; no other set can be found 
which will define the same value of (x). 

Since Vax; =0, V#(x) =0 define a cubic surface, it follows 
that the f;(y) must satisfy the following properties. 

(a) The system is linear of dimensionality 4. 

(b) Any two surfaces of the system intersect in a curve of 
genus 1. (Plane sections of a cubic surface.) 

(c) Any three intersect in three variable points. 

From any simple point O, on V#?(x) project the variety on 
any space S;=7 not passing through O,. In 7, every point 
is the image of two points of V;*; those on the generators of 
the cone of apparent contour project into the points of the 
quartic surface of branch points Ls(x) =u? (x) — - u3(x) 
=0 in which u,=0 is the tangent S; to V? at O,. The plane 
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u,=0 in mw touches L,(x)=0 along the conic u.=0, which 
contains the six double points on L,(x)=0, defined by 
U1 = U2, = U3; =0. Between the two three-spaces and (y) there 
is a (1, 2) correspondence, in which L,(x) =0 in = is the sur- 
face of branch points. 

Let the equation of V? be mx;? +2uex5+u3;=0. Then the 
projection of V? upon x;=0 as double S; from O,=(0, 0, 0, 
0, 1) has the surface L4(x)=0 of branch points. Let O, 
be the image of O, supposed to be non-singular in px;=f;(y). 
Then (yo) satisfy the four equations f;(y) =0, (¢=1, 2, 3, 4). 

In the (1, 2) correspondence between (y) and.x,;=0, the 
point O; is singular. In the projection upon x;=0 from O,, 
the conjugate of O, is the plane u,=0; it is the intersection 
with x,=0 of the tangent S; to V? at O,. The conjugate of 
O, is then the f of the * system defined by u(f) =0. 

The points of u; =0 in 7 are of three kinds, those not on L, 
are all conjugate to O,; those on u,.=0, u,=0 but not on 
uz =O are all branch points at O,, as u,=0 defines the quadric 
cone of inflexional tangents to V3; at O,. 

Finally, the six double points u; =0, u2 =0, us; =0 are images 
in x5 =0 of the six lines of V3 which pass through O,. 

Any 5S; passing through O, meets V3in a cubic surface which 
is transformed into itself by interchanging the two points 
of V; on every line through O,. 

Hence in (y), each f;(t#5) is transformed into itself. The 
curves f,=0, f,=0, (i, R¥~5) of genus 1 are the images of 
the lines of S;. 

The «4 system |f| is not invariant under J2, and the sub- 
system is still of grade 3 when the fixed point O, is adjoined. 

A section }\ax;=0 not passing through O, meets V in a 
general cubic surface. The three-dimensional cone joining 
the surface to O, meets V in a sextic surface, the complete 
intersection of V and a quadratic variety |2x |, obtained from 
Yoaix; by the quadratic transformation 


G=1,---,4, 


px, = — — U2. 


(7) 
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The corresponding transformation in (y) becomes 


of(yi, +--+, x4) = m(f(y)) f(y), 
ofsyi, = — — 


and for the involution Jz, of associated points, 
filly’) = fly). 


Thus, the quadratic image of any S; section in the trans- 
formation T passes through the quadric surface u,=0, 
u2=0, which is the intersection of the tangent space to V3 
at O, and the quadric polar of O, as to V3. 

This is the quadric of inflexional tangents to V3 at O,. 
It meets V; in the six lines passing through O,. 

The images of these six lines are six curves through O,, 
common to the conjugates of the o |f |. They are all 
parasitic curves. 

Suppose V# has a double point not lying in the tangent S; , 
at the center of projection. Then in x;=0 the surface of 
branch points L,=0 has a double point not lying in the singu- 
lar plane u;=0 associated with the center of projection. 

Conversely, if L4=0 has a double point not lying in m,=0, 
from the vanishing of the first derivatives of L,4 as to %, 
those of V# can be shown to vanish. Hence we may draw 
the following conclusion. 

A necessary and sufficient condition that the surface of branch 
points Lg=0 has a double point not in the singular plane 
associated with the center of projection is that V# has a double 
point not in the tangent space at the center of projection. 

If the values x; are substituted in L,, the result is a perfect 
square K*(y)=0: the surface of contact of V and its three- 
dimensional tangent cone from O,. 

If V# has a double point P not at O,, its image will be an’ 
actual double point of Z4=0, not on u,=0. In this case, the 
parametric representation of V#:P? can be obtained im- 
mediately by projecting V# from P and cutting the pro- 
jecting cone by any 5S; not passing through P. 


1929.] THE CUBIC VARIETY IN 5% 623 


If uw,=%x1, and if uw, and uz contain x; at most to the first 
power, then 
Vs = x5 + + Us 
= 41X52 + 2(x171 + we) + ws = 0 = + bs, 


where 2;, w; are ternary in %2, %3, x, of degree 7, and 
te = x5? + 201%5 + 22, ts = 2wexs + Ws, 
represents a cubic variety having a double point at the point 


(1, 0, 0, 0, 0). 
The representation in the space (y) now takes the form 


px, = — , 


The image of the double point is the quadric surface 
4z=0, and the fundamental element in (y) is the sextic 
space curve ¥¢ of genus 4, =0, 4; =0. 

The ‘4 linear system, images of the S; sections of Vs, 
now has the form 


— = 0; 


thus it includes all the cubic surfaces passing through ye. 
This system satisfies conditions (a), (b) and (c). 

The image in (y) of the vertex (0, 0, 0, 0, 1)=0O, is the 
point (0, 0, 0, 1), hence the * subsystem which defines 
the (1, 2) correspondence between x;=0 and (y) has the form 


px, = — 2we(y2,ys, + Wa(y2, 94); 
px2 = , Vs), 
pxs = Ys), 
px, = , Ys), 


= X%X2, 
= %1%X3, 
= X1%X4, 


= — (0141 + we) + + we)? — + ws)|/?. 
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The equations of J, in (y) can now be determined at once. 
The transformation is quartic, monoidal perspective. The 
surface of invariant points is 


— Ways + + = O. 


Now suppose that V; is always rational, and that its equa- 
tion contains a parameter A, such that when A=0 the cor- 
responding variety acquires a double point at P. Then 


= yive(y)F(y) + Afi(y,d), (i = 2; 5), 
pxi = oi(y,r) = — ts(y)F(y) + Af(y,d). 


Consider any linear system of at least ©‘ rational surfaces 
of order N. By using the common basis elements as part 
or all of the fundamental elements of the transforming 
system, suppose the system has been reduced to its simplest 
form. Then within the system construct a subsystem which 
satisfies conditions (a), (b), (c). Evidently, by any birational 
transformation of (y), the properties of V(x) will remain 
unchanged. Any rational surface may be transformed by 
means of its adjoints into one having plane sections of genus 
0, 1, 2, 3 or of any positive genus, but hyperelliptic. (En- 
riques (33), (34).) We shall consider only those linear 
systems which belong to one or another of these five types, 
I, - - - , V and which satisfy the conditions (a), (b), (c). 

Finally, we select an additional basis point to define the 
(1, 2) correspondence. The five types will be considered in 
turn, but the three following properties will first be estab- 
lished. 


9. Properties of Basis Elements. Inthe ‘system |f(y) |, 
images of the spatial sections |x| of V?, is a subsystem 
oo? |f(y)| having an additional basis point not a basis 
point of theslarger 24 system. This special basis point is 
the image of an ordinary point O, on V?. If now V# 
be projected upon a space 7 not passing through O, 
from O, doubly, then between 7 and (y) exists a (1, 2) 
correspondence, such that each f(y) is transformed into 
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itself, both images of a point in the image plane in 7 being in 
this surface. In the projection of V? from O, upon 7, the 
fundamental element is the plane, which is the intersection 
of the tangent S; to V# atO, with 7. The image of this 
plane in (y) is a definite f of the subsystem. 

If |f|, and therefore |f|, has any other simple basis point, 
there is one surface f belonging to it having this point for 
double point; the point and the nodal surface are conjugate 
in the associated I, of (y). The associated plane in 7 must 
therefore touch L at every common point, since its image in 
(y) is composite; that is, the plane is a singular tangent 
plane of L and hence contains six double points. In no cases 
can all these points be in the first singular tangent plane. 
Therefore we have the following results. 

(A) If |f | contains a simple isolated basis point, not that 
defining |f|, L has double points not in the characteristic 
singular plane. 

Similarly, if any surface of the system | f | is composite, 
the two components are conjugate to each other in Iz, and 
the associated plane in + must touch L at every common 
point; that is, it is a singular plane; hence L contains double 
points not in the singular plane um. (Sharpe and Snyder 
(100).) 

(B) If | f | contains a composite surface, L has double points 
not in the characteristic singular plane. 

Let 5 be a curve in (y), which meets the surfaces of |f| 
only in basis points or in points of basis curves. The surfaces 
of the system which pass through a point of 6 must contain 
the whole curve. Hence »? surfaces of |f| contain 6. The 
images of these surfaces are ©? planes having the image of 
6 in common, hence it must be a point. The curve must lie 
entirely on K, the surface of coincident points of (y), and the 
image point is a double point of L. (Segre (89).) If does not 
pass through O,, this double point on Z can not be in the 
characteristic singular plane of L. 


(C) If (y) contains a curve 5 meeting |\f | only in basis points, 
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and not passing through the basis point O, of | f |, L contains a 
double point not lying in its characteristic singular plane. 


10. Rational Plane Sections. 1. When the plane sections 
of a surface f(y) =0 are rational the system |f| consists of 
ruled surfaces or of Steiner surfaces, that is, quartics with 
three concurrent double lines. (Picard (85), Guccia (63).) 
The simplest case satisfying conditions (a), (b), (c) is that of 
quadrics through 5 points. (Sharpe and Snyder (100).) The 
surface L,=0 is now the 16-nodal Kummer surface, hence 
V;3(x) =0 is nodal. In case of surfaces of order greater than 2, 
the variable curve of intersection is always rational since 
the double curves of each f; must belong to the basis curve 
of the system. (Castelnuovo (12), Enriques (30).) 


11. Plane Sections of Genus 1. II. The simplest case is 
N=3. Conditions (a), (b), (c) are satisfied; in every case 
I,=0 has a number of extra nodes. (Sharpe and Snyder 
(100).) Compare the general properties of linear systems of 
plane curves of general genus. (Segre (88).) 

N=4 gives a system of quartic surfaces with a double 
conic and certain other basis elements. But this can be 
reduced to the preceding one by a quadratic transformation. 
For N=5 the basis elements are a double C; with a triple 
point. The residual intersection of any two surfaces of the 
system is an elliptic quintic curve; the system is ©® of grade 
5. The conditions (a), (b), (c) will be satisfied only by im- 
posing two additional points; hence Ly, will have another 
singular plane and V# has nodes. 

For N greater than 5, there is no residual curve. (Del 
Pezzo (26).) For varieties with curve sections of genus 1, 
see Scorza (86). 


12. Plane Sections of Genus p=2. III. This will be dis- 
cussed in connection with general hyperelliptic sections. The 
surface defined by |C,|:8P? is the double quadric cone, which 
can be mapped on a quartic surface with a double line, 
which is associated with a nodal variety. 
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13. Plane Sections of Genus p=3. IV. The non-hyper- 
elliptic case has been discussed by Castelnuovo (9) and by 
Scorza (87). Those reducible to quartics all have funda- 
mental lines, hence they lead to nodal varieties. (Noether 
(83).) 

Those of the first species, that is, those containing a net 
of rational curves of order 4, meeting by twos in a single 
point, can in general not be reduced to quartics. 

The only exception is that of the monoids, represented on 
the plane by C,:12P', the 12 basis points all lying on a cubic 
curve, which is the image of the triple point. Whatever 
system of basis curves is adjoined to obtain a subsystem 
satisfying conditions (a), (b), (c), fundamental lines are 
introduced, hence the associated V# has one or more double 
points. The rational quartic curves lie in the planes of the 
bundle having the triple point for vertex. For a discussion 
of the involutions which leave invariant a web of monoids, 
see Snyder (105). 

The system [Cs | -11P! defines a rational quintic surface 
with a double cubic curve. All the possible forms of residual 
basis elements that can satisfy conditions (a), (b), (c) are 
given in (100); in each Z,, and hence V#, has double points. 


14. Digression. Details of a Quintic Surface. Case J, 
Sharpe and Snyder (100), merits further study. The table 
of characteristics as given is incomplete. 

Using the notation there employed, the line 4 which is the 
partial image of h’ in (x’), with which it is in (1, 1) cor- 
respondence, is double on each Sx of the web, since h’ is 
double on each S; of the system in (x’). Moreover, the 
curves on He, which are the residual images of the points of 
h’, are conics. 

The curve B; meets H2 in two points not on ¥3. 

The line / joining them is axis of a pencil of planes, each 
of which cuts from H; a parasitic conic. 

Two of these have for images in (x’) the points of contact 
of h’ and L/, hence the conics lie on Ky) and are double on 
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each Sx of the web. Each of the six lines [Rx, Kio] =6r also 
belongs to the base of |Sx|; hence we have 

A plane meets its conjugate S2 in a composite curve con- 
sisting of (Si, Kyo) and of a residual curve 

Any two Sz may also have x; curves of order 7, parasitic 
on the web |S;|, and appearing to multiplicity i on |Sa|. 
The complete intersection then gives 
441 = 21+ 192+ 16+ 16+125+6+5+4+16+ Dex; 
and the intersection with Kio furnishes 

210 = 10+ 96+ 8+8+50+6+8+ 
The only possible solution is x:=8, x2.=4. The 8 lines are 


divided into two groups of four each, bisecants of 8; meeting 
‘3 and a or &. Hence we may now write 


Kio: ys , 


where the interpretation of the symbols in the last equation 
undergoes an obvious modification. 

The genus of 61: is consequently 9, and it intersects Kio in 
12 variable points. The images of these 12 points are the 
points of contact of 6’ and L’; hence 6’, the variable double 
curve on S¢ , image in (x’) of Sz, is of order 6. The genus of 
5’ is 2. 

The curve 6, has a double point D on h, and the plane of 
51: meets the image conic in two points P, and P2. The points 
D and P; form one pair of conjugates, and D and P2 another; 
hence 6/ has a double point where it meets h’, the tangents 
at which are distinct from each other and from h’. The point 
is a triple point on Sj. The surface has a composite double 
curve consisting of 6 and of h’, the latter passing through 


A 
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a double point on the former. The genus of the composite 
¢; can be found as follows. From an arbitrary point can be 
drawn 8 lines meeting 5 twice, accounting for 7 apparent 
double points, and the line to the double point. The plane 
determined by the point and h’ meets 5¢ in 4 other points, 
hence h=8+4=12, p=3. 

The web |.S;| can be transformed birationally into a web 
of monoids. Let 3 be defined by 


%1 X2 


Xe X3 


Put Q;=x1%3— x2, Consider 
the transformation defined by 


= (§ = 1,2,3), = 


where 4; is linear in x1, x2, x3. The equations define a (3, 3) 
non-involutorial transformation between (x) and (y) in which 
the fundamental elements in (x) are yz and a plane cubic 
C3:x%,=0, > u:0:=0 meeting in three points. The image 
in (y) of the plane x,=0 is the point (0, 0,0, 1)=0O. Every 
point of 3 is transformed into a straight line, the locus of 
which is a ruled surface R; of order 5, trisecants of an elliptic 
C.:0*. The image of a point of C; is a line through O, the 
locus of which is the cubic cone T3: Cs. 

The image of an arbitrary line of (x) is a cubic curve 
through O; a secant of y; has for image a conic through O 
and a generator of R;; a bisecant of ys goes into a line through 
O and two generators of R;. Thus the congruence of bisecants 
of 73 is transformed into the bundleO. Since every line of the 
congruence meets 5S; in one point not on 73, the image must 
be a monoid in (y). The complete image of 5S; is of order 15, 
but R; is a component; a’, & go into double basis lines 
through O. 

The curve §; has for image a composite curve of order 15, 
consisting of a proper curve {; of order 7 and of eight lines 
on R;. Since 8; meets x;=0 in 5 points, 8; has O for five fold 
point. The residual C¢ is simple, 
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The variable curve of intersection is a Cio having O*. 

Since the variable Cs meets each a@ in two points, the image 
Cio meets each image &@ in two points, hence the curve 
lies on a quartic cone of genus 1, with two fixed double gener- 


ators, [87, Ce] =6. 


15. Resumption of the Case p=3. This completes the 
enumeration of webs of rational surfaces with plane sections 
of genus 3, belonging to the first species. (Castelnuovo (9).) 
The normal surfaces are of order 16—x, lying in space of 
14—« dimensions (x<12). Those that are not normal can 
be projected into one or another of the types just con- 
sidered. (Clebsch (19), Cremona (24), Sturm (108).) 

The F, with a double curve of order 7, genus 3, has an 
actual triple point on both curve and surface. (Bordiga (7), 
Veronese (110).) 

The system |C,|:10P! defines a sextic surface having a 
double curve C;, p=3 with a triple point. The residual curve 
of order 8 is rational, hence condition (a) is not satisfied. 
Similarly for surfaces defined by |C,| having fewer than 10 
basis points. 

The second species is composed of those surfaces with 
plane sections of genus 3 which also contain an ©? system of 
curves of genus 1; this system can be reduced to quartics. 
(Castelnuovo (9).) If the system of ellipcic quartics is com- 
posed of plane curves, their planes pass through a point, 
and the surfaces are quartics having the given point for 
tacnode. 

In every case the surface contains an ©?J, of points, the 
lines joining pairs of conjugates being concurrent. From 
this point the surface can always be projected into a surface 
of Veronese in S;, counted twice. The surface is always ra- 
tional except when the arithmetic genus is —1 and when the 
curve of invariant points of the g2! from O consists of four 
concurrent conics. These cases do not concern us. If the 
curves of genus 1 lying on the surface are space quartics, 
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the surface can be reduced to a quintic of S; having three 
concurrent double lines, and hence a triple point. The net 
of quartics is cut from the surface by the net of quadric 
cones passing simply through the double lines. 

The Fs of Ss, represented by |C;|:7P?, can be projected 
into an F, of S; by choosing the four centers of projection 
on the same elliptic curve lying on it. The result is a quartic 
of S; with a tacnode and four simple concurrent lines in the 
tangent plane at the tacnode. (Noether (80), Cremona (24).) 

The system of curves |C,|:7P?3P! defines an F5:3C1'3Cy, 
the three double lines being concurrent, and the three 
simple lines lying in the planes containing a pair of double 
lines. In the plane representation, let the double points be 
A, B,C, D, E, F,Gand the simple ones P, Q, R. 

The plane images of the three double lines are C;:A - 
GPQ; C;:A --- GPR; C;:A ---GQR. From the complete 
intersection of two surfaces of the system” (Fs) the three 
double lines should be subtracted, hence the plane sections 
are represented by |Cw|:A‘- - - G‘PQR. Thus this charac- 
teristic is of grade 29, genus 13, dimension 17. Hence there 
are nineteen linearly independent surfaces of the system. 

In order to secure a subsystem satisfying conditions 
(a), (b), (c), let (Fs) have an additional basis curve Cn, of 
order m, genus , meeting the totality of the double lines in 
S points; then 

lim — 2p +2—5s = 26, 
Sm — p+1-—2s= 14, 


so that s=m+2, p=3m—17. (Sharpe and Snyder (100), 
p. 71.) The residual intersection of genus 1 is met by 
any third surface in three points, hence it can be reduced to 
a cubic through six basis points. It has one of the four forms 


(a) ABCDEF, 
(8) ABCDEP, 
(y) Cys 


(6) C:: ABCPOR. 
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In (a), the residual basis curve Cp is 
Cs: 


The corresponding basis curve on the surfaces |f(y) | 
is C:, p=4, meeting each double line in 3 points. Through 
O can be drawn two other bisecants of C7; these lines are 
fundamental, having five fixed points of intersection with 
each f(y) of the system. Hence L,(x) has additional double 
points, and consequently V has a double point. 

(8). The basis curve is now of order 6, genus 1, meeting 
two of the double lines each in 3 points and the third in 2 
points. Hence as before, two additional bisecants can be 
drawn from O; these lines are fundamental, giving rise to 
double points on L4(x), and hence on V. 

(y). The basis curve is now composite, consisting of two 
conics which do not intersect, each meeting all the double 
lines once, and of a line skew to both conics, meeting one 
double line. The additional secant of both conics from O 
accounts for double points on V. 

(6). This case is impossible, as the residual basis curve is 
of order 4 and genus —5. 

There is one more possible case of systems | f(y) | where plane 
sections of genus 3 exists, namely, that having a plane repre- 
sentation of the form |C;|; 7P?2P;. (Caporali (8).) 

The double basis curve of the system |f(y) | consists of a 
line C; and of a sextic ys, p=2, having two double points on 
the line. One surface of the system |f(y) | must be composite, 
hence L,and also V; have double points. 

The cases of systems of species 3 and of species 4, Castel- 
nuovo (9), reduce to systems of quartics with point singu- 
larities more complicated than in that of type 2, but without 
basis lines. (Noether (83).) 

The first surface is represented by |C.|:7P24P!, all 11 
basis points lying on a cubic curve y. Let the singular point 
be (0, 0, 0, 1), and the tangent plane be x1=0. Two surfaces 
of the system meet in a curve Ci. of order 16, with 8 branches 
through O, all lying in x:=0. The image of a plane section 
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through O consists of y and of another cubic with the symbol 
C;: ABCDEFG. The plane representation of Cig is Cie: 7P*. 
When this is composite, one component being of genus 1 and 
variable, it can be reduced to the C3;:A --- F, and the 
fixed basis curve has for image C,:A*--- F°G4, p=4. In 
space the variable curve is a Cs with three branches through 
O; the basis curve is then Cio with five branches through O. 
Since two trisecants of Cio can be drawn through O, these 
lines are fundamental, giving rise to double points on V;'. 

It was assumed that the variable cubic in the plane 
representation had for basis points A, B, C, D, E, F; if in- 
stead one or more be chosen from the simple basis points 
of the system, practically the same argument may be re- 
peated, with the same conclusion. 


Another case is that of F, represented by |Cz|:P*9P2, 
all the basis points lying on a cubic curve, and another is 
the F, represented by |Ce|:8P%P2P}, the ten basis points 
lying on a cubic. Both of these can be considered as the 
preceding case, with the same result. 


This completes the case p=3, non-hyperelliptic. When 
the net of curves on each surface of the system is composite, 
the plane sections of genus 3 are hyperelliptic. In this case 
the Fig is represented by or by 
P?, (k=0, 1, 2, 3), the double points being adjacent to the 
P*-*, They will be considered in connection with the general 
hyperelliptic case. (De Franchis (25).) 


16. General Hyperelliptic Sections. V. From Castelnuovo 
(10) and Enriques (31) we know that every surface with hy- 
perelliptic plane sections or by sections S,_1, if it lies in Sy, is 
rational. If the genus of the sections exceeds 1, the surface 
contains a rational ©! system of conics, such that through 
any point of the surface passes just one conic of the system. 
If the section is of order m and genus 7, the surface cannot 
belong to a space larger than S,_,4:; if it belongs to a space 
of lower dimensionality, it is the projection of a normal sur- 
face of S,_+41. 
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The planes of the ©! conics on the surface form a variety 
of order not larger than n—7—1. 

The surface can be mapped on a plane such that the 
plane sections (or those of S,_; if in S,) are represented by 
curves of order k having a common point of multiplicity 
k—2, and possibly other basis points. Hence if the genus 
is 7, the maximum order is 44+4. Every such surface of 
lower order can be obtained from a surface of order 4r%+4 
of S315 from 47+4—n points upon it, and possibly from 
other points not on the surface. 

In order to obtain a subsystem satisfying conditions (a), 
(b), (c), it is necessary to impose simple basis points in every 
case. When double points exist among the additional basis 
points, the curves can be reduced to those of lower order. 
Several cases of |C;|:P*-? have been considered in con- 
nection with other problems. Let x be the number of simple 
basis points, N the order of the surface, m the order of its 
double curve. Then for (k, x, N, m) (4, 8, 4, 1) see (100), 
p. 61; (4, 7, 5, 3) see (100), p. 72; (4, 6, 6, 8) see (8), p. 202; 
(5, 11, 5, 3) see (100), p. 71; (5, 10, 6, 7) see (8), p. 207. 

The system | Fy | :C;¥-2 y can be treated as in (100) 
p. 62, and the monoidal cases of any order necessarily have 
fundamental lines. 

If the assumption made in § 8 is justifiable it follows 
that the general cubic variety of S, is irrational. 


17. Reduction to Monoidal Types. From the preceding 
representation, follows at once the proof of the following 
theorem. 

All (1, 2) quaternary correspondences of genus 1, in which 
the quartic surface of branch points has a singular plane and 
at least one double point not in this plane, can be expressed 
in terms of a (1,1) correspondence between the points of an S;' 
and the pairs of points of a perspective monoidal involution 
of order two in another space S3. , 

Let there be a second involution J; in (x), having the same 
surface of branch points Ly,’ in (x’). Since the points of Vs 
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and of (x) are in (1, 1) correspondence, we have in any case 
yix=filxi, X2, X3, x4), 7=1, 2, 3, 4. For example, by including 
the vertex P on V; from which the variety is projected on the 
double S;, we may write 


= Fi(x)xi; ys = F(x). 


Let the pairs of points of J; also be represented on V3. 
Since the two surfaces of coincident points K, of J; and Kz 
of Jz are each in (1, 1) correspondence with L,’, they can 
be superposed one on the other. 

Then J is transformed into a second monoidal involution, 
having a second double point Q, on Ke for vertex. The 
image on V; of Q; is a second double point, hence Ly,’ has 
a second double point. The line joining the double points 
on V3; lies entirely upon it; every plane through it meets 
V; in a residual conic, image of a line of the bundle Q, in (x). 
This line contains an infinite number of pairs of conjugate 
points with double points on K,. Hence the conic on V3; 
contains an infinite number of pairs of points forming an 
involution in which the double points are the residual points 
of intersection of the plane of the conic with the curve of 
contact Ky of the tangent cone from P. Thus, by J2¥ every 
point of Ky remains invariant; by projection upon x;’=0, 
the associated point on Ly,’ is a branch point as before. 

If in (x) there exist several involutions having the same 
quartic surface of branch points with a singular plane, by 
the above process they can all be reduced to perspective 
monoidal involutions by the same transformation. 

When JL,’ has only one double point not in the singular 
plane, the web of invariant cubic surfaces in (x) has a simple 
point and a general Cy,  =4, for basis elements. It is described 
as case D of cubics in Sharpe and Snyder (100), p. 58. It 
does not appear again in a transformed form in the enumera- 
tion there given. 

If L,’ has two double points not in the singular plane, K(x) 
has a second double point, the quadric F, containing Cs and 
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the cubics of the web touch each other, C, has an actual 
double point and is now of genus 3. 

Similarly, ZL,’ may have 3 or 4, .. . or 10 double points not 
in its singular plane. In the latter case it is the 16-nodal 
Kummer surface, and K may be reduced to the symmetroid. 
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ON THE LOCATION OF ROOTS OF POLYNOMIALS 
AND ENTIRE FUNCTIONS* 


BY E. B. VAN VLECK 


On account of its importance, the problem of the location 
of the roots of a polynomial occupies the central position in 
the theory of equations. For the most part the attention 
of mathematicians has been confined to the real roots of real 
polynomials—i.e., polynomials with real coefficients. So 
general has been the assumption of the reality of the poly- 
nomial that it has often, unfortunately, not been stated 
in theorems in which it is vital; for example, when it is said 
that imaginary roots enter in conjugate pairs. Correspond- 
ingly, the tools for the investigations were ordinary algebra 
and the calculus. When, however, one’s thought is extended 
to the location of imaginary roots and to unreal polynomials, 
the border line is crossed, as the treatment involves almost 
inevitably considerations and methods belonging to the 
theory of analytic functions. It is in the overlapping region 
belonging alike to the theory of equations and that of 
analytic functions that we will stray today. 

After the notable advances of Budan, Fourier, Cauchy, 
Laguerre and others, investigation of the root-location of 
polynomials and entire functions was largely neglected for 
other work. With the new century has come a new activity. 
It is my pleasure to bring before you today some of the 
important advances made and some theorems discovered 
since 1900. This will, I hope, be the more profitable because 
the new results lie scattered and untied through the periodical 
literature and have not yet become a part of current texts. f 
Some of them, though little known today, are destined to 
become classic. 


* An address presented at the invitation of the program committee at a 
Symposium held at the meeting of the Society in Chicago, March 29, 1929. 
Tt Except Bieberbach’s noteworthy Vorlesungen iiber Algebra, 1928. 
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Time limitations force me to omit certain aspects and 
developments which I had purposed originally to include. 
Reluctantly I omit inclusion of the line of work* inaugurated 
by Landau and Montel. The underlying thought in this 
work is to give +1 coefficients in an equation 


(1) Pa(s) op +08 + (69340), 


leaving the other coefficients arbitrary, and to seek the limi- 
tations thereby imposed upon the roots. Thus Montel 
supposes the first +1 consecutive coefficients do, - - - , dp 
to be given in this equation or, more generally, in one of any 
degree with +1 non-zero terms, and shows that then the p 
roots of smallest absolute value are conditioned to lie in a 
circle whose radius depends only on the values of these given 
coefficients and on u. I omit also consideration of special 
kinds of polynomials, computational methods for cal- 
culating the roots, polynomials with a parameter, chains 
of polynomials arising through continued fractions or other 
algorithms, extensions of Descartes’ Rule of Signs or of the 
Hermite-Poulain Theorem, etc. I have not sought to give 
today an encyclopaedic report but rather so to select the 
material as to secure some unity of theme and thought. 

At the end of the report is appended a bibliography which 
includes also some omitted topics allied to those considered 
here. Literature references to the bibliography are indicated 
in the report by bracketed numbers. 


Part I 


One succession of modern theorems was inaugurated by 
the Gauss-Lucas Theorem on the location of the roots of the 
derivative of any polynomial, real or imaginary. This 
theorem, though so fundamental, is strangely enough but 
little known popularly. 


Gauss-Lucas THEOREM. If in the complex plane of 
z=x-+iy we mark off the convex polygon whose vertices are 


* See the bibliography. 
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roots of a given polynomial and which contains either within 
or upon its boundary all other roots of the polynomial, then 
none of the roots of the derived polynomial will lie exterior to 
this polygon, and a root will fall upon its boundary only when 
coincident with a multiple root of the given polynomial on the 
boundary. 


This theorem was definitely stated and proved by Lucas 
[63] in 1879 and perhaps can be best known by his name, but 
it follows as an immediate corollary from an observation of 
Gauss [62] appended as a handschriftliche Bemerkung after 
a memoir in his Collected Works. Gauss says that the roots 
of the derivative of any given polynomial are the positions 
of equilibrium in a plane field of force created by placing 
unit-masses at the roots of the given polynomial which repel 
(or just as well attract) with a force inversely proportional 
to the distance. A mass 1 is, of course, to be placed at each 
r-fold root. For proof of this Equilibrium Theorem of Gauss* 
we have merely to observe that the roots of the derivative 
are given by the equation : 

Pr (z) 1 1 


(2) = 


= 0, 
P,(2) a; r 


where the a; are the roots of the given polynomial and the 
r;, 0; denote the lengths and arguments of the vectors drawn 
from these roots to a point z. Then, if each 0; is changed into 
—6; to convert the terms into their conjugates, each term 
in (2) becomes a vector representing a force due to a unit 
mass situated at a; which repels inversely as the distance, 
and the equation gives the positions of equilibrium, where 
there is no force. Now it is obvious that if we produce any 
side of the convex polygon indefinitely and z is a point 
within the half plane not containing the polygon, the com- 
ponents of force at z perpendicular to the side will all be 
directed away from the polygon, thereby reinforcing each 
other so that equilibrium at z is impossible. Like considera- 


* Rediscovered by Lucas, Comptes Rendus, vol. 89 (1879), pp. 224-226. 
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tions apply when z lies on a side and is not coincident with 
a root of the given polynomial. The theorem of Lucas thus 
follows as a corollary. 

Beside this theorem of Gauss-Lucas we may now place a 
beautiful result published without proof by Jensen [72] in 
1913, which gives much more definite information regarding 
the derived polynomial when the given polynomial is real. 


JENSEN’s THEOREM. [If circles are described having as 
diameters the segments connecting pairs of conjugate roots of 
the given polynomial, then no imaginary root of the derivative 
of the polynomial can lie exterior to all these circles. 


The first published proof [73] of this theorem we owe 
to Walsh (1920-1921); it is likewise based on the above 
Equilibrium Theorem of Gauss. Walsh sets a repulsive unit- 
mass at each root of the given polynomial and shows that 
at any point not on the real axis and exterior to the circle 
having as diameter the segment joining a pair of conjugate 
imaginary roots a;, @;, the net force due to the masses at 
these two points will have a non-vanishing component per- 
pendicular to the real axis and directed away from this axis. 
The like is obviously true of the repulsive force due to the 
masses upon the real axis. Hence at any point exterior to 
all the Jensen circles and not on the real axis these com- 
ponents reinforce one another and equilibrium is impossible. 
Consequently no imaginary root of the derived poly- 
nomial can lie exterior to all the Jensen circles. Walsh 
apparently did not notice that the introduction of repulsive 
masses was an unnecessary trapping and that without es- 
sential modification the proof could be thrown into the fol- 
lowing elementary form [74], quite possibly that of Jensen 
himself. Leta bea pair of conjugate imagi- 
nary roots of P,(z). The corresponding component in (2) is 

1 1 


(x + iy) — (8+ ty) (x + iy) — (8B — ty) 

— B)[(x — 8)? + 9? +44] — 8)? + 
[(x- 8 + 


i 
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The coefficient of 7 is opposite in sign to y if («—8)?+y*?—~? 
>0; that is, when z lies outside the circle (x—8)?+y?=~7?. 
For a real root 8 the component is 
1 _ — ty 
xtiy—B 

which also has a sign opposite to that of y for the coefficient 
of i. Hence at any point exterior to all the Jensen circles and 
not on the real axis the coefficient of 7 in P,’/P, does not 
vanish. This proves the theorem. 

Walsh supplements Jensen’s Theorem by showing that in 
any segment of the real axis which is free from roots of the 
real polynomial P,(z) and which does not penetrate into 
any of its Jensen circles there can lie at most only one root 
of its derivative P,’(z). Further, if any Jensen circle has no 
point in common with any other Jensen circle in part ex- 
terior to it and contains exactly k roots of P,(z), then it 
will contain at least k—1 roots of its derivative and at most, 
k+1 roots. I may add that I find that if we amalgamate 
each series of overlapping circles into a single connected 
region so as to form Jensen regions exterior to one another, 
the conclusion still holds with respect to these regions. 

These results can be readily established analytically 
without following the Gaussian suggestion of introducing 
repulsive masses at the roots of the given polynomial, but 
that method is undeniably illuminating and suggestive, and 
has the advantage of being independent of the selection of 
the coordinate axes. Bécher [68] applied the method to 
the Jacobian 


a6 
ay dy 


of two binary forms ¢,(21, 22), Wp,(21, 22) of degrees p: and 
pe respectively. It is easy then to see that the roots 2z=2:/22 
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of ‘the Jacobian, other than multiple roots of either form or 
common roots of both forms, are the equilibrium positions in 
a field of force due to unit masses placed at the roots of @ 
and of ¥ which respectively attract and repel with a force 
inversely proportional to the distance. Continuing the ap- 
plication, Walsh has made an extended study of the location 
of the roots of the Jacobian. In a number of memoirs he has 
also applied the Gaussian idea to derive some nice theorems 
relating to the roots of the derivative of a polynomial. For 
example, he shows [71] that if m, roots of a polynomial lie 
in a circle of radius r; and center a; and all the remaining 
mz roots lie in a circle of radius r2 and center az, all the roots 
of the derivative lie in these two circles and a third circle 
whose center is (ma2-+me201)/(mi+me) and whose radius is 
(myre+moer:)/(mi+me). If, furthermore, these circles are all 
external to one another, then the three circles contain re- 
spectively m,—1, m.—1, and one root respectively. 

I may add that the Gaussian method and various resulting 
conclusions—for example, Lucas and Jensen’s theorems— 
apply not only to the derivative of the given polynomial 
P,(z) but also to any polynomial y,_1(z) of degree »—1*, 
for which we have a decomposition into partial fractions of 
the form 

¥n-1(2) Aj 


P,(2) jul 3— Qj 


in which the A; are all positive. 

The next theorem which I wish to cite relative to the roots 
of the derivative of a polynomial is due to Grace and arose 
from an attempt to obtain a generalization of Rolle’s The- 
orem valid for two unreal roots of a polynomial. According 
to Rolle’s Theorem, if a real polynomial vanishes at two dif- 
ferent points of the real axis (or has the same value at these 
points), there will lie at least one root of its derivative be- 
tween them. Thus two real roots of a real polynomial fixate 


* For extension of the Jensen Theorem, the polynomial y,-;(z) is, of 
course, to be taken real as well as P,(z). 
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one root of the derivative. In what direction should one look 
for a corresponding result for imaginary roots and unreal 
polynomials? Doubtless this question occurred to others 
before Grace, and we may conjecture that it was on account 
of its difficulty that no answer was obtained till the present 
century. In November 1901, in a notable five-page article 
[75], Grace obtained the following important and strange 
theorem. 


THEOREM OF GRACE. If a and b are any two roots of any 
polynomial, real or unreal, of degree n, then within or on a 
circle having the center (a+b)/2 and a radius one-half of 
la—b| ctn (1/n) there will be at least one root of the derived 
polynomial. 


This can scarcely be called a generalization of Rolle’s 
Theorem inasmuch as it does not reduce to Rolle’s Theorem 
for the special case of a real polynomial with two real roots. 
Further, in anticipation of the second part of my report to- 
day, I may add that it is not a theorem that admits of 
extension to entire functions, since as m increases indefinitely, 
the radius of the circle also increases indefinitely. No in- 
formation could therefore be afforded regarding the deriva- 
tive of the given entire function except that it had a root 
somewhere in the complex plane. But this conclusion would 
be false since the entire function e*‘—1 has a periodic system 
of zeros, while its derivative is devoid of zeros. 

Grace’s proof of his theorem was essentially invariantive 
in character. If in an algebraic equation 


(1) P,(2) = do + + + a,2" = 0, 

we put 2=x1/x2, the left-hand member after dropping the 
denominator is converted into an algebraic form in x;and 
X2. If we take a second equation 


(3) bo + bis + bes? + --- +58" = 0, 


the two equations may be said to be apolar when the cor- 
responding bilinear forms are apolar; that is, if their coeffi- 
cients are connected by the equation 


= 
= 
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(4) aod, + (- 1)"a,bo = (). 

Cf 
Starting from Lucas’ Theorem, Grace first establishes be- 
tween two apolar equations a most important and far 
reaching relation which I shall term Grace’s Apolarity 
Theorem. 


GrRace’s APOLARITY THEOREM. [f two algebraic equations 
are apolar, then any circle in the 2-plane which contains all 
the roots of either equation will contain at least one root of the 
other. 


The term circle is here to be understood in the sense of the 
theory of functions and may be indifferently the closed 
interior or the closed exterior of a circle, or a half plane 
inclusive of its boundary. 

It will be noticed that if any two of the equations (1), 
(3), (4) are given, we can immediately write down the third. 
Hence the theorem says that if any algebraic equation (1) 
is given whose coefficients are connected by a homogeneous 
linear relation (4), we can immediately write down a third 
equation (3) such that every circle which contains all the 
roots of (1) will contain at least one root of (3), and re- 
ciprocally. 

Grace applies this thorem to the derivative of (1). If we 
substitute in (1) any two of its roots a and 6 and subtract, 
we obtain a homogeneous linear relation 


a;(a — B) + — + --- + — 6") = 0 


between the coefficients of the derived equation. The equa- 
tion (3) which corresponds to this linear relation is 


+ (= (a — = 0, 
which may be written 


(5) (a — s)*— @ —s)*=0. 


Hence at least one root of the derivative P,/ (z) must lie in 
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any circle containing all the roots of (5). By extracting the 
nth root in (5) we get for its roots 


Bw; a 


oj — 1 

where w;=cos(2jx/n)+i sin(2jz/n) denotes an nth root 
of unity. This can be easily reduced to the form 


which shows that the roots of (5) all lie on a straight line 
perpendicular to the segment joining @ and 6 at its middle 
point. The most remote of these roots is at a distance 
one-half of la—B| ctn (z/n) from this middle point. Conse- 
quently a circle described around this mid-point as center and 
with a radius equal to this distance contains all the roots of 
the equation (5) apolar to the derivative P,,’(z) and hence by 
Grace’s apolarity theorem encloses at least one root of P,! (z). 
Thus two roots a and 8 of a given polynomial fixate one root 
of the derivative in the manner stated. 

In 1907 this theorem was re-derived, apparently inde- 
pendently, by Heawood [76]. He noted the fact that for 
n>3 the region in which lies at least one root of the deriva- 
tive need not be extended equally in every direction from 
the center (a+ )/2 to the perimeter of the circle. When 
n=4, the minimum region is that covered by two circles of 
radius one-third of |a—8|ctn(a/m) and having their centers 
on the perpendicular to the segment joining a and 8 at its 
middle point and at a distance one-sixth of la—B |ctn(a/n). 
For greater values of m the form of the curve bounding the 
region is very complicated and scarcely specifiable. Heawood 
established Grace’s Theorem by showing that the root of the 
derivative nearest to the mid-point (a+ )/2 attains its 
maximum distance only when all the roots of the derivative 
are equal; that is, only when P,’(z)=c(z—y)"—', so that we 
may write P,(z)=c(z—y)"/n+c. Substituting the roots a 
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and B in turn, we find (a—y)"=8—/)", and ¥ is consequently 
a root of equation (5). The theorem then follows as before. 

The most interesting successor of Grace’s memoir is one 
published in 1922 by Szegé [77] with the modest title: 
Bemerkungen zu einem Satz von J. H. Grace ueber die Wurzeln 
algebraischer Gleichungen. He derives Grace’s Theorem on 
apolar polynomials on the basis of what he calls a Fal- 
tungssatz, which I shall call his Coincidence-Theorem. This 
runs as follows. 


SzEG6’s COINCIDENCE THEOREM. If S; denotes the sum 
of the products of 21, %,---, 2n taken j at a time and these 
are any n quantities satisfying the equation 


(6) ao + +---+4,5, = 0, 

then any circle which contains all the roots of the equation 

(7) do + Cy" ayz + +---+ 4,2" = 

will contain at least one of any of the n quantities satisfying (6). 


It will be noticed that equation (7) results from (6) when 
the z; are all coincident. Szegé’s proof, not altogether easy, 
is by means of mathematical induction. An obvious conse- 
quence of his theorem is that if any set of the 2; satisfying (6) 
all lie im (that is, on or within) a circle, not all the roots of 
(7) lie without. We have thus Walsh’s theorem. 


THEOREM OF WALSH. [f any circle contains a set of values 
of %1,--°-, 2, Satisfying (6), it must contain at least one root 
of (7). 

This result, in a somewhat different formulation, was 
published almost simultaneously as Theorem I and the “main 
result” of one of Walsh’s principal papers [78] and was 
established by geometrical considerations involving con- 
tinuity. It is not, however, to be regarded as a subordinate 
corollary of Szegé’s Theorem, inasmuch as the latter is ob- 
viously also an immediate corollary of the former. The 
relation of the two theorems was not pointed out by Walsh. 
The usefulness of the Szegé-Walsh Theorem is revealed 
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by very different sets of theorems which the two authors 
rapidly deduce from it. I have time to mention only one or 
two of each. As a typical theorem of Walsh, I select the fol- 
lowing [78, p. 173]: Let 


(8) (2 — a1)(2 — a2) --- (2 —a,) -A = 0 


be an equation with a parameter A; then if a1,--- , a are 
all situated in a circle of radius r and center «, the n roots of 
(8) will all be contained in n circles whose centers a+A!/" 
form a regular polygon with center at a and which have the 
common radius 7. If none of these circles overlap, there will 
be just one root in each circle. The second of his theorems 
which I wish to cite is a special case of his “Main result” 
and is set off as his Theorem II.* This says that “if the points 


01, 2, --- , a, lie in a circular region C and if z is any point 
exterior to C, the root of the equation in a 
1 1 1 k 
(9) + + 3,.2°% = 


lies in C.” Rephrased in the language of Gaussian attractions, 
it asserts that when unit masses are placed at k points 
a1, °--, a, lying in a circle and the entire mass k is then 
concentrated at a single point a so as to produce the same 
resultant force at a given exterior point z, the point a must 
lie somewhere in the circle. 

I have cited this second theorem of Walsh because, in 
considering a very different matter, I have been led to the 
same equation but with z as the unknown in place of a. If 
a polynomial equation P,,(z) =0 and its first derived equation 
are both transformed by the same entire linear substitution 
z=az'+b, they pass over into a new equation and its first 
derived equation. This is not the case when a fractional linear 
substitution 


(10) 


~ 0), 
cz’ +d ) 


* Curtiss [78a] points out that the theorem is a “result which Laguerre 
expressed in homogeneous coordinates.” 


= 
= 
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is applied. Nevertheless, various theorems regarding the 
location of the roots of a polynomial and its derivative may 
continue to hold in the transformed region with respect to 
the transformed polynomial and its derivative. Consider, 
for instance, a theorem less specific than the above Gauss- 
Lucas Theorem, according to which a circle or half-plane 
which contains all the roots of P,(z) also contains all the 
roots of its derivative. Apply now the transformation (10). 
In place of P,(z) we get the new polynomial 


az’ + 


(11) = (a' + 


Suppose that the transformation converts the interior of the 
circle or half-plane into the interior of a new circle C’. Then 
the new circle which necessarily contains all the roots of 
Q,(z) will contain also all the roots of Q,/ (z). The like con- 
clusion fails, however, when the transformed region is the 
exterior of C’. Similarly, if Jensen’s Theorem were not in- 
validated by a transformation converting the half-plane into 
the interior of C’, we would have the following conclusion: 
When the roots of a polynomial Q,(z) which do not lie on the 
perimeter of a given circle C’ are pairs of roots of equal 
multiplicity symmetrically located* with respect to C’, all 
the roots of its derivative not on the circle must lie in the 
circles whose diameters are the segments joining the pairs 
of symmetrically situated roots. It is easy to show the falsity 
of such a conclusion by an example to the contrary. Jensen’s 
Theorem, however, is an immediate result of two applications 
of the following true statement: The roots of a real poly- 
nomial which do not lie in a half-plane bounded by a real 
axis lie in the Jensen circles. The corresponding statement 
after the above transformation is that when a polynomial 
Q,(z) has its roots located in the manner just explained, the 
roots of the derivative so far as they do not lie on or within 


* Two symmetrically situated points are inyerse points with respect to 
the circle. 
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C’ must lie in the circles whose diameters are the segments 
joining pairs of symmetrically situated roots of Q,(z), and 
the validity of this statement has been established by Walsh 
through the method of repulsive particles. 

These examples suffice to show the need of some criterion 
for determining whether a theorem regarding the mutual 
location of the roots of a polynomial and its derivative will 
hold also for the transformed polynomial and its derivative 
after a transformation (10). To answer this question, suppose 
P,,(z) replaced by (11) in consequence of the transformation 
(10). The new derived equation is 


az’ + *) 
cz’ +d 


+ (ad bc)- (cz! + d) 0 
ad — bc)-(cz =U, 
cz’ +d 

which may be successively written 

nc(cz’ +d) (z) 

ad — bc P,,(2) 
and 
1 
(12) + 0, (i = n), 
a Gy 


where the a; are the roots of the original polynomial P,(z). 
It thus appears that the new derived equation Q, (z’) =0 
results by application of the linear transformation (10) to 
the polynomial equation (12). Now (12) is Walsh’s equation 
(9) regarded as an equation of (n—1)th degree in z with 
given a; and a. It may be written in the form 


(12a) nP,(z) — (2 — a)Px(z) = 0, 


where a denotes the point z=a/c which by the transforma- 
tion passes over into z’= ©. For given a, there corresponds 
to each pair of polynomial equations 


P,(z)=0, Qn-i(z) =nP,(2) —(z—a) P’,,(z) =0, 


— 
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a class of substitutions (10) with a/c =a which replaces them 
by a polynomial equation Q,(z’) =0 and its first derived equa- 
tion. Conversely, for the latter pair, there is a class of 
(inverse) substitutions which replaces them by pairs 
P,(z) =0, Q,-1(z) =0 with given a. 

The question whether a theorem regarding the root loca- 
tion of P,,(z) and its derivative is valid after the transforma- 
tion for Q,(z) and its derivative therefore reduces to the de- 
termination whether the original theorem is valid for P,(z) 
and Q,_:(z) before the transformation as well as for P,(z) 
and P,/(z). It will be observed that a may have three 
qualitatively different positions with respect to the interior 
of a circle or half-plane. It may lie without, within, or on its 
boundary. If this interior is to be transformed by (10) into 
the interior of a new circle C’, the point a must be taken with- 
out the circle C or the half-plane, since it passes over into 
z’= 00, 

So far as I know the above relationship has not been 
previously pointed out. I find, however, that Gonggryp [99] 
has considered the polynomial nP,,(z) —2P,/ (z) which arises 
by application of z=1/z’ to P,! (z). He calls it the “reduite” 
of P,(z) and gives several theorems relating to its roots. 

As an example of the general interrelation just pointed out, 
let us take Walsh’s “Theorem 2” previously cited, which says 
that when z is exterior to a circle containing all the roots 
of P,(z), the point a=a/c in (9) must lie in the circle. The 
word circle has here the general sense of the closed interior 
or exterior. An equivalent statement is that when the roots 
of P,,(z) are all in the circle and a/c lies without, the z-roots 
of (12) must all lie in the circle. By the transformation (10) 
this gives the restricted Lucas Theorem that when a circle 
contains all the roots of a polynomial Q,(z’), it contains also 
the roots of its derivative. Conversely, Walsh’s Theorem fol- 
lows from this by the inverse linear transformation. 


I have not time to follow the matter further but return now 
to the Coincidence Theorem of Szegé. It has been already 
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noted that he uses it to obtain Grace’s Apolarity Theorem. 
His easy deduction is reversible, so that the two theorems, 
so very different in appearance, are equivalent. Szegé then 
goes on to obtain in an interesting manner a wealth of 
theorems. The only one of these which I shall cite is a the- 
orem of Egervary: 


THEOREM OF EGERVARY. Let 
(13) A(x) = a9 + + Co"aoz? + --- + a,2" = 0, 
(14) B(x) = do + Cfhbiz + + ---+ 5,2" = 


be two equations whose roots all lie in (within) the unit circle. 
Then the roots of the composition-equation 


(15) C(x) = agbo + + + 
all lie in (within) the same circle. 


For proof [77], denote by :, Bs, - - - , Bx the roots of (14), 
and by é any root of (15), so that 


(16) + + Co" + --- + = 0 


Then if we substitute —£/z for z in (14), the resulting equa- 
tion has the roots —£/f:,---, —£&/B,. The condition that 
this equation and (13) shall be apolar is precisely the equa- 
tion (16). Then by Grace’s apolarity theorem some one of 
these roots, say —£/6;, must lie in the unit circle when all 
roots of (13) so do. This is impossible if & lies without 
(respectively without or on) the unit circle, since 1; | <1 
(respectively |8;|<1) by hypothesis. The theorem there- 
fore follows. 

If we restrict the hypothesis further and suppose that all 
roots of (13) and of (14) lie on the perimeter of the unit 
circle, then in applying the theorem just proved, we can 
take at pleasure the circle to be the interior or the exterior 
of the unit circle. It follows that no root of (15) can lie 
without, respectively within; consequently the roots of the 
composition equation will lie on the perimeter of the unit 
circle when those of (13) and (14) do. 
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Very similar in character are theorems given by Malo* 
(1895) and Schur (1914). Malo’s theorem [88] says that 
if the roots of both of the equations 


(17) Qo = 0, 
(18) bo + +---+56,2%7 = 0 


are all real and those of the former are all positive or all nega- 
tive, then the roots of the composition equation 


(18a) Gobo + aybiz + - - - + = 0, 


in which k denotes the smaller of the two degrees m and n, 
are also real; furthermore, they are all different if aobo>* 0 
and m<m. Schur [90] draws the same conclusion for another 
composition equation: 


1!a,b,2 2!aebo2? + = 0. 


If now we look upon (17) as any arbitrarily given equation 
with real roots of like sign, we may regard Do, bi, - - -, b, as 
a set of multipliers which by composition with (17) will 
always produce an equation (18a) with only real roots. 
Pélya and Schur [92] call any sequence of real multipliers 
with this property a factor sequence of the second kind. A 
sequence of real factors 


(19) be,bi,b2, 


is said to be of the first kind when operating on all equations 
(17) with real roots (n=1, 2,---) they produce only com- 
position equations (18a) with real roots. Laguerre in his 
memoirs gave various special sequences with such properties; 
for instance, 


lq| $1, 


is a sequence of the first kind. Pélya and Schur make a most 
interesting study of the conditions which must be imposed 
upon the infinite set (19) of real numbers to furnish a se- 


* Malo’s theorem is extended by Jensen [72] to series. 


E 
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quence of the first or second kind. If, for example, (19) is 
a sequence of the first kind, all non-zero elements must form 
a single uninterrupted succession, finite or infinite in length, 
the terms of which are all of same sign or of alternating sign. 
The two authors obtain both an algebraic and a transcenden- 
tal necessary and sufficient criterion that it shall be a factor 
sequence of the first or second kind respectively. According 
to the algebraic criterion, (19) is a factor sequence of the 
first kind if and only if all roots of the equations 


bo + + C# doz? +---+C26,2" = 0, (n= 


are real and of like sign, while it is one of the second kind 
when they are merely real. By the transcendental criterion 
it is necessary and sufficient that the real series 


b be bs 


should converge for all values of z and represent an entire 
function which has only roots of the same sign and is of genre 
0 except for a possible factor e”, in which y has the sign 
opposite to that of the roots. For a factor sequence of the 
second kind this series must be of genre 0 or 1 except pos- 
sibly for a factor e~”* (y real) and have only real roots. 

Somewhat earlier Petrovitch [91] considered factor se- 
quences (19) having the property that when operating upon 
real polynomials of even degree possessing only imaginary 
roots they produce always polynomials without real roots. 
A class of sequences specified by him with this property has, 
when somewhat restricted, the form 


b, = (n =1,2,->-), 


where c and d are arbitrary fixed real limits independent of 
n and f(t) is an arbitrary real function of invariable sign 
between c and d. For if for m =2n we denote the polynomial 
(17) by Pen(z), the composition equation will be 


— 
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O = aobo + aybiz + + = f f(t) Pon(tz)dt, 


which can not be satisfied for any real value of z inasmuch as 
both factors of the integrand are of invariable sign. A special 
set of factors is also obtained by putting 5, =1!. 


Part II 


An infinite series convergent over 
the entire finite plane of z is, in a certain sense, a generaliza- 
tion of a polynomial of the mth degree ao+aiz+ - - - +a,2". 
We call it an entire function. The futility of efforts to carry 
over theorems regarding polynomials to entire functions 
without restriction upon the latter is, I suppose, well known 
to you. A familiar example is afforded by the Fundamental 
Theorem of Algebra. Though a polynomial of mth degree 
has m roots, an entire function need not have any zeros at 
all. The familiar exponential function e*=1+2+27/2!+ - - - 
is an example of such an entire function. Again, take the 
familiar theorem that if a polynomial has only real roots, its 
derivative has only real roots. By contrast, (¢+1)e* is a 
real entire function whose only zero z= —1 is real, but its 
derivative (22?+2z+1)e* has two imaginary zeros [132]. 
The question therefore arises: What sort of limitations must 
be imposed upon entire functions to enable us to extend to 
them our theorems on the location of roots of polynomials? 

Investigation in this direction was inaugurated by 
Laguerre in the 80’s or earlier. Since then little advance has 
been made until recently when some very interesting ex- 
tensions have been obtained, notably by Pélya. Before 
reporting on these I must recall to you certain results and 
ideas familiar to the analyst. First of all, I must mention the 
theorem of Hurwitz that when a sequence of polynomials 
P,(z), (n=1, 2,---), or analytic functions converges uni- 
formly over a closed region, the roots of the limiting analytic 
function within the region are the limits of the zeros of the 
polynomials in the sequence. In the vicinity of a p-fold 
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root of the limit lie exactly p roots of P,(z) for sufficiently 
large values of m. An interesting application of this indispen- 
sable theorem is to the exponential series: in any given 
finite region of the plane there can lie no roots of the sum 
S,(z) of the first m terms for sufficiently large values of n. 

Next, I must mention Laguerre’s concept of the genre of 
an entire function. According to Weierstrass’s Factor- 
Theorem every entire function can be factored into the 
uniformly convergent form: 


(20) F(z) = eG(2)gr II (1 *) 


n=1 an 
where 


Zz 1 1 \™ 
M,, \ dy 


and where G(z) is an entire function, polynomial or constant, 
r is a non-negative integer, and m, is an appropriate positive 
integer which may increase indefinitely with . When the 
degree m,, is limited and G(z) is a polynomial, the function is 
said to be of finite genre, the genre p being then the highest 
(necessary) degree in the exponents of e within or without the 
product sign. The entire function (20) differs in structure 
from a polynomial by the presence of exponential factors. 
Hence, as Borel has remarked, one may expect that the 
properties of entire functions will depart more and more 
from those of polynomials as we increase the degree of the 
exponential factor. 
For p=0 we have 


F(z) = Cz" [J (1 *), 


an 
so that 


dlogF(z) F’(z) r 1 
(21 
dz F(z’ — dy 


where II and = are uniformly convergent over any closed 
finite region of the plane not containing any roots a, of the 
entire function. Correspondingly, we have for p=1, 


= 
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F(z) = (: - 


an 
F’(z) r ( 1 
22 —= _ 
(22) F(z) 
and for p=2, 
F(z) = =) (2/an)? 
an 

F'(z r 1 1 z 


When F(z) is a function of finite genre and its Weierstrassian 
product (20) is devoid of the plaguy exponential factor before 
the product sign,—that is, when G(z) is a constant—we call 
the function primitive or canonical. 

We are ready now for the extension of polynomial theorems 
to entire functions. Consider first the simple theorem that 
when the roots of a polynomial are all real, the like is true 
of the derivative. The simple example already given shows 
that this may fail for an entire function of as low genre as 2. 
In the case of the real polynomial with only real roots we 
locate all the m —1 roots of the derivative by Rolle’s Theorem 
which puts one between each two successive roots of the 
given polynomial, but the argument fails in the case of a 
real entire function because the derivative of an entire 
function may have an infinite number. In the case of real 
entire functions of genre 0 or 1 the result is still valid. For 
first, it can be established that there can be no imaginary 
roots of F’(z), either by applying the equilibrium theorem of 
Gauss to the right-hand members of (21) and (22) or, what 
amounts to the same thing, by observing that the sign of the 
imaginary component of each term is opposite to y in 
z=x-+iy, since c and the a, are real, so that F’(z) will not 
vanish unless y=0. Next, if we differentiate the right-hand 
members of (21) and (22) their terms will all be negative 
for a real value of z. Consequently F’(x)/ F(x) is a monotone 
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decreasing function of x, and can vanish but once between 
two successive roots of the denominator F(x). Thus the roots 
of the derivative of a given real entire function of genre 0 
or 1 are all real and alternate with those of the function 
itself, as in the case of a given real polynomial. 

The argument just indicated fails in the case of entire 
functions of genre 2 because of the additional terms intro- 
duced in (23). When, however, c’ is negative and II is a 
canonical product of genre 1 or 0 so that the term (z/a,)? 
is lacking in 2, the argument carries through. We are led 
thus to pick out the same special class of functions of 
genre 2 which we ran across at the close of Part I, namely, 
real entire functions which are of genre 0 or 1, except for an 
exponential factor e°’*’ in which c’ is negative. 

I digress a moment at this point to mention a more general 
result that was just obtained. A real entire function of 
genre p with g imaginary roots possesses a derivative of the 
same genre which in addition to the roots accounted for by 
the theorem of Rolle can have at most p+q imaginary and 
other real roots. A rigorous proof of this theorem of Laguerre 
is given by Borel [132]. 

I pass next to the consideration of another noteworthy case 
in which the derivative of the real entire function F(z) 
possesses only real zeros which alternate with those of F(z) 
on either side of the origin. It is that in which F(z) is a 
canonical function, limited by a restriction placed upon it 
which at first sight appears very curious, viz., that it shall 
have no zero at the origin. The result is discussed in Vivanti’s 
1907 report on entire functions but without attributing it 
to any particular person. I find it established in a paper 
[133] of Cesaro (1884) not mentioned in Vivanti’s bibli- 
ography. Cesaro’s exceedingly simple proof is as follows: 
For every zero of the derivative of such a canonical F(z) 
of genre p we have 


F'(z) 1 1 


a; a; a,;? 
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which may be written 


1 


a?(s — a;) 


(24) 0 = 2? 


Now when all the roots a; of F(z) are real and the genre 
p is an even integer, the coefficient of 7 in every term 
of = in (24) has a sign opposite to that of y. Therefore the 
equation can not be satisfied for an imaginary value of z. 
On the other hand, if p is an odd integer, we may put the 
equation into the form 

az 


(25) = 2? 
a?t(z — ai) 


and then the same conclusion follows, inasmuch as for real a 
the imaginary part of the coefficient of az/(z—a) is 


ia’?y 
(x — a)? + 


which again is opposite in sign to y. In consequence, F’(z) 
has no imaginary roots. Furthermore, the derivative of each 
term under the summation sign in (24) for even p and in (25) 
for odd # is negative for real z~a;. In each case & is there- 
fore a monotone non-increasing function and consequently 
between any two roots a; of F(z) on the same side of the 
origin there lies one and only one of its derivative. 

It must not be thought that the conclusions obtained con- 
cerning the reality of roots of the derivative will carry over 
to higher derivatives, for the suppositions underlying the 
proof regarding the given entire function ordinarily do not 
hold regarding the derivative. If, for instance, the given 
function is canonical, the derived function is not necessarily 
so. Again, a function of genre p has a derivative of genre p 
at most, and an example has been given of a function 
of genre » with a derivative of genre p—1. The question 
therefore arises: What are then the necessary and sufficient 
conditions to be imposed upon a given entire function 
possessing only real roots in order that its derivatives of all 
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orders shall likewise have only real roots? This very difficult 
question has recently been tackled by Pélya. 

The nature of the answer seems to have been suggested 
by the following theorem. 


THEOREM OF LAGUERRE.* If a sequence of polynomials 
whose roots are all real converges over every finite region of the 
z-plane,{ the limit of the sequence is an entire function of genre 
0 or 1, (by the above theorem of Hurwitz, possessing only real 
zeros), or the same multiplied by a factor e* in which c is real. 
Furthermore, tf the roots of the polynomials are all of like sign, 
the limit, except for a possible factor e with real a, will be a 
function of genre 0 (possessing only roots of the same sign). 


This theorem and others to be presently mentioned seem 
to me noteworthy in that they establish the genre of the 
function not on the basis of the asymptotic character of the 
coefficients or roots but by use of functional properties. 

The derivatives of the polynomials in the theorem are of 
the same character as the polynomials themselves, having 
likewise only real roots (respectively real roots of the same 
sign),and also by a well known theorem on analytic functions 
converge uniformly over every finite region of the z-plane. 
The conclusions of the theorem can therefore be applied to 
succeeding derivatives of the entire function. Thus on the 
given hypothesis all derivatives have only real roots (re- 
spectively real roots of the same sign). 

This application of Laguerre’s Theorem stops short, how- 
ever, of answering the question proposed. For, on the one 
hand, we are not sure that all real entire functions with real 
zeros are obtainable as limits of sequences of polynomials 
with real roots. On the other hand, there exist unreal 
entire functions possessing only real zeros. To get such a 
function we have merely to take in (20) an unreal G(z) along 
with a canonical product II having only real zeros. Further- 


* Oeuvres, vol. 1, 1882, pp. 174-177. 
{ Apparentiy uniform convergence is intended. 
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more, the possibility that all the succeeding derivatives 
should have only real roots, if any, can be actually realized. 
The function c’(e*®*—c), in which we take 6 real and lc | =1, 
is an unreal entire function possessing an infinite periodic 
system of real zeros and no others, while its successive 
derivatives have no zeros at all. It is easy to see that it is 
of genre 1. Pdélya cites (c real) as a second instance, 
this being an unreal function which with its successive deriva- 
tives is devoid of imaginary zeros. He [120a] conjectures 
that with just these two exceptions all entire functions which 
together with their derivatives have only real zeros must be 
of the form 


(26) — dpz)e%, 


in which all constants except c are real and 2d,? is conver- 
gent. Note that we have here exactly the first kind of 
functions mentioned in the above Theorem of Laguerre with 
the added restriction that the coefficient of 2? in the exterior 
exponential factor is negative or zero. This conjecture 
Pélya was able to prove on the supposition that the entire 
function is of finite genre and has only a finite number of 
zeros. It can then be written in the form e®@P(z) where P 
and Q are polynomials, so that we have then a purely 
polynomial problem. He showed further that when all the 
roots of the entire function (except z=0) are of positive sign, 
we must take y=0 and a non-positive d; accordingly the 
function except for such a possible exterior factor e% is of 
genre zero. In 1923 Alander [124] extended this conclusion 
to any entire function of finite genre without the limitation 
to a finite number of zeros. This he did by showing that 
the function of finite genre, unless it has one of the two ex- 
ceptional forms above noted, can have only a finite number 
of zeros, so that Pélya’s conclusion is applicable. 

The sufficiency of the form (26) for the reality of the roots 
of all the successive derivatives Pélya established neatly by 
setting up a sequence of polynomials 


A 
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n 


(1+ ) — 4,z), (n = 1,2,---), 


My, 


which with proper choice of the positive integers m, con- 
verge uniformly to the function (26) in every finite region 
of the z-plane. The character of the limiting function then 
follows by Laguerre’s Theorem given above. 

It is interesting to note another closely related result of 
Pélya [136]. When the entire function has the form e® P(z) 
in which Q(z) and P(z) are polynomials, the number of imagi- 
nary roots of its mth derivative increases indefinitely with x 
if Q(z) is of higher degree than 2, and likewise if it is of degree 
2 unless the coefficient of z? in Q(z) is negative. 

The interesting theorem of Laguerre above quoted was 
based upon the hypothesis of a sequence of polynomials with 
real roots which converged uniformly in every finite region of 
the plane. Pélya [120b] has notably lightened the hypothesis 
by showing that it is sufficient to demand that they converge 
uniformly in some finite region containing the origin. One 
thinks here of Stieltjes’s Theorem that if a sequence of 
analytic functions converges uniformly in any given region 
and is bounded in absolute value over any larger region 
embracing the given region, then it also converges uni- 
formly over this larger region. Pélya does not use this 
theorem but is able to base the extension of the region of 
uniform convergence directly upon the reality of the roots 
provided the limit is not identically zero. In a subsequent 
paper [130] he lightens even this latter requirement and 
asks only that the roots of the polynomials shall all lie within 
some sector having its vertex at the origin. 

When the polynomials under consideration are segments 
S,(z) =do+aiz+ - - - +a,2" of a power series, these results 
of Pélya follow immediately from a remarkable theorem of 
Jentzsch [141]. If, namely, the series has a finite radius of 
convergence R>O, every point of the circle of convergence 
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is a limit point of the set of roots of the equations S,(z) =0, 
(n=1, 2,---). Suppose now that there is a sector with 
vertex at the origin free from the roots of S,(z)=0. Then if 
the polynomial segments S,(z) converge in a region including 
the origin, it will follow that R is infinite, since otherwise 
the theorem is violated. Later Szegé [142] has given an 
extension of the theorem in which the sequence is no 
longer limited to a polynomial sequence obtained by seg- 
menting a power series. 

Jentzsch [143] has obtained a theorem which derives the 
existence and genre of an entire function from suppositions 
regarding the roots of its segments without making the 
slightest demand regarding the convergence of the sequence 
S,(z), (n=1, 2, ---). Denote by Bi,2, Ben, - » Bain the 
roots of S,(z). Then if from and after some fixed value of n 
these roots satisfy the inequality 


n 


1 
(27) > - — <M, (n=r.r+1,---), 


t=1 in 


where p is some positive integer and M a fixed positive num- 
ber, the series will converge over the entire plane and its 
limit will be an entire function of genre equal to or less than p. 
As a particular application of this result consider any series 
whose segments S,(z) have only real roots. By the theory 
of symmetric functions we have 


= 


i=l | Bin | 


Here p=2, and M is any number greater than the right-hand 
member. It follows, therefore, if the polynomial sections 
S,(z) of a formally given series have only real roots, the 
series converges to a limit, and the limit is an entire function 
of genre 2 at most. Pélya [120b] (1913) cuts down the genre 
to 1 at most, and to 0 when the roots are all of the same sign. 
Jentzsch states also, without giving proof, in his 1914 
Comptes Rendus note [144], that his conclusion will hold 


= 
— 
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also for any sequence of polynomials dno+@niz+ - +4nn2", 
(n=1, 2,---), whose roots satisfy the inequality (27), 
provided that it converges uniformly in some region of the 
plane. In the same year Lindwart and Pélya [128] con- 
sidered such a sequence under the same supposition but with 
the added limitation (presumably unnecessary) that the 
region of uniform convergence shall include the origin, and 
proved not only that it has a limit which is an entire f unction 
of genre equal to or less than p but that also the limit is 
actually a function of genre p—1 at highest except for a 
possible factor 

I turn lastly to a topic as yet but too little worked, the 
determination of the conditions which must be imposed upon 
the coefficients of an entire function to secure a specified 
distribution of its roots. In the case of a real polynomial of 
the nth degree, it has been long known that if its roots are 
distinct, the number of pairs of imaginary roots is equal to the 
number of changes of sign in the sequence 


wo. Si Seat 
So 51 Se 
Se S3 S4 
Sn—1 Sn * * * San—2 


where so=”, and s; denotes the sum of the ith power of the 
roots. The roots will be all real if and only if all of these de- 
terminants are positive. If the members of (28) are all 
positive when we advance every subscript by unity, we have, 
as Grommer [121] has shown, the necessary and sufficient 
condition that the roots should all be distinct and positive, 
provided that there is no root at the origin. 

With this proviso, it is obviously permissible to replace 
the roots by their reciprocals, or, in other words, to substitute 
s_; for s;. This is necessary before we can think of generaliz- 
ing the condition so as to get a corresponding result for 
entire functions. But the indefinitely continued sequence 
(28) is obviously unusable even for an entire function of 
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genre 0 with an infinite number of roots, for though the sum 
of the ith powers of the reciprocals of the roots will converge 
for all values of 7, the element so=m increases indefinitely 
with the degree of the polynomial. Fortunately, in place 
of (28) we can use the sequence 


S_2 S_3 


(29) S_2, 


Sina Sn S_2n 
to test the reality of the roots of a polynomial of mth degree. 
The roots are all real when and only when the terms of the 
sequence (29) are either all positive or are positive up to a 
certain member inclusive, after which they are all zero [121, 
p. 114]. The elements s_; therein contained have a signifi- 
cance for entire functions of genre 0 or 1, the sum of the 7th 
powers of the reciprocals of the roots being convergent for 
422. According to Grommer, Hurwitz considered the ques- 
tion whether the roots must all be real when the terms of 
(29) continued indefinitely are all positive for such a function. 
But the elements s_; in (29) may be assigned a significance 
for any entire function. If, in fact, we take an entire function 


F(z) =ao+ayz+ --- without a zero at the origin and ex- 

pand the negative of its logarithmic derivative into a series 
F’(z) 

(30) = + Sgt + s33°+---, 


the successive coefficients are connected by linear recurrence 
formulas in which both the s_; and the a; appear linearly. 
When the function is of genre 0 the s_; are actually equal to 
the sum of the ith powers of the reciprocals of the roots 
by virtue of the relation 


F(z) Qi a; 


Whether or not this be the case, let the determinant sequence 
(29) continued indefinitely be formed with elements taken 
from the series (30). With this generalization of the s_; 
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Grommer took up the problem at Toeplitz’s suggestion and 
proved that when the indefinitely continued sequence (29) 
is merely restricted by the requirement that all its terms 
shall be positive, the entire function will be of genre 0 or 1 
except possibly for a factor e~”” (y real). His proof is 
complicated, involving the use of quadratic forms, con- 
tinued fractions and Stieltjes integrals. Later, in 1920, 
Kritikos [122] under the instigation of Pélya re-derived the 
result by a simpler method. Grommer derives also a more 
general theorem, according to which the necessary and 
sufficient condition that a real entire function F(z), for which 
F(0) ~0, shall have an infinite number of roots all real and 
simultaneously shall be an entire function of genre 2m—1 or 
less, except for a factor e~7***” (y¥ real), is that all the deter- 
minants 


S_2m S-om-1 * 
(k =1,2,---), 
S_om—k+1 S—2m—k * S—2m—2k+2 
shall be positive. 
It may not be without interest to say a word or two regard- 


ing the opposite possibility that all the roots shall be imagi- 
nary. Long ago I showed [2] very easily that if 


a ae * Gn-1 
0 | 
(31) a G2 43), ? 
a, de 
a2 a3 & Gen-2 


(a; = 0 for i>n), 


are all positive, all the roots of the polynomial 
P,,(2) =do+aiz+ +4n2n 

are imaginary if ” is even, or all but one if m is odd. The 
condition is sufficient but not necessary. It follows that if 
for an entire function a9+aiz+a22?+ --- all the terms of 
the sequence (31), indefinitely continued, are positive, it is 
an imaginary function with only imaginary zeros. A diver 
gent power series may also be consistent with the requirement 


= 
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of the positive character of (31), as will be seen by increasing 
do, a2, as, sufficiently rapidly. 

This I trust is sufficient to indicate the kind of theorems 
which are being obtained by extension of the theory of 
equations into the province of the theory of analytic 
functions. The mine has been yet imperfectly worked 
and much ore remains to be extracted. 
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Rendus, vol. 172 (1921), pp. 662-664. 


E,. THE THEOREM OF JENSEN, WITH ADDITIONS BY WALSH. 


72. J. L. W. V. Jensen, Recherches sur la théorie dés équations, Acta 
Mathematica, vol. 36 (1913), pp. 181-195. 

(A statement of the theorem is given without proof on p. 190.) 

73. J. L. Walsh, On the location of the roots of the derivative of a poly- 
nomial, Annals of Mathematics, (2), vol. 22 (1920-21), pp. 128-144. 

74. W. H. Echols, Note on the roots of the derivative of a polynomial, 
American Mathematical Monthly, vol. 27 (1920-21), pp. 299-230. 

74a. J.v.Sz. Nagy, Zur Theorie der algebraischen Gleichungen, Jahresbe- 
richt der Vereinigung, vol. 31 (1922), pp. 238-251. 


E;. THE THEOREM oF Grace. Nos. 75-79. 


75. J. H. Grace, The zeros of a polynomial, Proceedings of the Cam- 
bridge Philosophical Society, vol. 11 (1902), pp. 352-357. 

76. P. J. Heawood, Geometrical relations between the roots of f(x) =0, 
f(x) =0, Quarterly Journal of Mathematics, vol. 38 (1907), pp. 84-107. 

77. G. Szegé, Bemerkungen zu einem Satz von J. H. Grace iiber die 
Wurzeln algebraischer Gleichungen, Mathematische Zeitschrift, vol. 13 
(1922), pp. 28-55. 

78. J. L. Walsh, On the location of the roots of certain types of polynomials, 
Transactions of this Society, vol. 24 (1922), pp. 163-180. 

78a. D. R. Curtiss, A note on the preceding paper, Transactions of this 
Society, vol. 24 (1922), pp. 181-184. 

79. J. Egervary, On a maximum-minimum problem and its connection 
with the roots of equations, Szeged Acta, vol. 1 (1922), pp. 38-45. 

See also No. 39. 
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E,. Roots oF A POLYNOMIAL AND ITs DERIVATIVES. LINEAR COMBINATIONS 


80. S. Kakeya, On zeros of a polynomial and its derivatives, Tohoku 
Mathematical Journal, vol. 11 (1917), pp. 5-16. 

81. H. B. Mitchell, On the imaginary roots of a polynomial and the real 
roots of its derivative, Transactions of this Society, vol. 19 (1918), pp. 43-52. 

82. G. Pélya, Ueber die Nullstellen sukzessiver Derivierten, Mathe- 
matische Zeitschrift, vol. 12 (1922), pp. 36-60. 

83. A. Hurwitz, Ueber definite Polynome, Mathematische Annalen, vol. 
73 (1913), pp. 173-176. 

84. M. Fujiwara, Einige Bemerkungen iiber die elementare Theorie der 
algebraischen Gleichungen, Téhoku Mathematical Journal, vol. 9 (1916), 
pp. 102-108. 

85. T. Hayashi, On some algebraic equations having real roots only, 
Tohoku Mathematical Journal, vol. 14 (1918), pp. 334-339. 

86. Y. Uchida, (a) On the relation between the roots of f(z)=0 and 
f'(¢) =0, Téhoku Mathematical Journal, vol. 10 (1916), pp. 139-141. 

(b) On the roots of the algebraic equation of the form f+khf’+--- 
+k,f™=0, Téhoku Mathematical Journal, vol. 14 (1918), pp. 325-327. 

87. K. Oishi, On the roots of an algebraic equation f+kif'’+kef'’+--- 
+knf™ =0, Téhoku Mathematical Journal, vol. 20 (1922), pp. 1-17. 

See also Nos. 72, 93. 


F. Roots oF CONNECTED POLYNOMIALS. 


Nos. 88-92 form a group. 

88. E. Malo, Note sur les équations algébriques dont toutes les racines 
sont reélles, Journal de Mathématiques Spéciales, (4), vol. 4 (1895), pp. 7 etc. 

88 a. N. Obrechkoff, Sur un probléme de Laguerre, Comptes Rendus, 
vol. 177 (1923), pp. 102-103. (Gives an extension of Malo’s theorem.) 

89. G. Szegé, see No. 77. 

90. J. Schur, Zwei Sédtse iiber algebraische Gleichungen mit lauter reellen 
Wurzeln, Journal fiir Mathematik, vol. 144 (1914), pp. 75-88. 

91. M. Petrovitch, Equations algébriques et transcendantes dépourvues de 
racines réelles, Bulletin de la Société Mathématique, vol. 41 (1913), pp. 
194-206. 

92. Pélya and Schur, Ueber zwei Arten von Faktorenfolgen in der Theorie 
der algebraischen Gleichungen, Journal fiir Mathematik, vol. 144 (1914), 
pp. 89-113. 

93. M. Fujiwara, Ueber definite polynome, Téhoku Mathematical 
Journal, vol. 6 (1914), pp. 20-26. 

94. S. Kakeya, On some positive forms, Téhoku Mathematical Journal, 
vol. 6 (1914-15), pp. 27-31. 

95. J. L. Walsh, Note on the location of the roots of a polynomial, Mathe- 
matische Zeitschrift, vol. 24 (1926), pp. 733-742. 

Nos. 96-98 relate_to the theorem of Biehler (Journal fiir Mathematik, 
vol. 87, p. 350. 
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96. A. Auric, Généralisation d’un théoréme de Laguerre, Comptes Rendus, 
vol. 137 (1903), pp. 967-969. 

97. M. Fujiwara, see No. 84, p. 105. 

98. Y.Okada, On some algebraic equations whose roots are real and dis- 
tinct, Téhoku Mathematical Journal, vol. 14 (1918), pp. 328-333. 

99. B. Gonggryp, Quelques théorémes concernant la relation entre les 
zéros d'un polynéme et ceux d'un polynéme de degré inférieur, Journal de 
Mathématiques, (7), vol. 1 (1915), pp. 353-365. 

100. O.Sz4sz, Ueber Hermitesche Formen mit rekurrierender Determinante 
und iiber rationale P. lynome, Mathematische Zeitschrift, vol. 11 (1921), 
pp. 23-57. 

101. C. F. Gummer, The relative distribution of the real roots of a system 
of polynomials, Transactions of this Society, vol. 23 (1922), pp. 265-282. 

102. J. v.Sz. Nagy, Ueber die Lage der Wurzeln von linearen Verkniipfun- 
gen algebraischer Gleichungen, Szeged Acta, vol. 1 (1923), pp. 127-138. 

103. M. Fekete, Beweis eines Satzes von Jentzsch, Jahresbericht der 
Vereinigung, vol. 31 (1922), Nachtrag, pp. 42-48. 

G. MISCELLANEOUS. 

G,. ANALOGS TO THE THEOREM OF ROLLE, ETC. 

104. M. Fekete, (a) Ueber Zwischenwerte bei komplexen Polynomen, 
Szeged Acta, vol. 1 (1923), pp. 98-100. 

(b) Analoga zu den Satzen von Rolle und Bolzano fiir komplexe Polynome 
und Potenzreihen mit Liicken, Jahresbericht der Vereinigung, vol. 32 (1924), 
pp. 299-306; also 36 (1927), pp. 216-222. 

(c) Ueber Gebiete, in denen komplexe Polynome jeden Wert zwischen zwei 
gegebenen annehmen, Mathematische Zeitschrift, vol. 22 (1925), pp. 1-7. 

(d) Ueber die Nullstellenverteilung bei Polynomen, deren Wert an zwei 
Stellen gegeben ist, Jahresbericht der Vereinigung, vol. 34 (1926), pp. 220—233. 

105. E. Balint, Bemerkung zur der Note des Herrn Fekete, Jahresbericht 
der Vereinigung, vol. 34 (1925), pp. 233-237. 

106. J. v. Sz. Nagy, Ueber einen Satz von M. Fekete, Jahresbericht der 
Vereinigung, vol. 32 (1924), pp. 307-309. 

Gz. Roots OF THE CHARACTERISTIC Equation. Nos. 107-110. 

107. G. Pick, Ueber die Wurzeln der charakteristischen Gleichungen von 
Schwingungsproblemen, Zeitschrift fiir angewandte Mathematik und 
Mechanik, vol. 2 (1922), pp. 353-357. 

108. I. Bendixson, Sur les racines d'une équation fondamentale, Acta 
Mathematica, vol. 25 (1902), pp. 359-365. 

109. A. Hirsch, Sur les racines d'une équation fondamentale, Acta Mathe- 
matica, vol. 25 (1902), pp. 367-370. 

110. T. J. I’a Bromwich, (a) On the roots of the characteristic equation of 
a linear substitution, Acta Mathematica, vol. 30 (1906), pp. 297-304. 

(b) Same subject, British Association of Science, 1904, pp. 440-441. 
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G;. CERTAIN MINIMUM-POLYNoMIALS. Nos. 111-113. 


111. L. Fejér, (a) Ueber die Lage der Nullstellen von Polynomen, die 
aus Minimumforderungen gewisser Art entspringen, Mathematische An- 
nalen, vol. 85 (1922), pp. 41-48. 

112. M. Fekete and J. L. v. Neumann, Ueber die Lage der Nullstellen 
gewisser Minimumpolynome, Jahresbericht der Vereinigung, vol. 31 (1922), 
pp. 125-138. 

113. N. Obrechkoff, Ueber die Wurzeln von algebraischen Gleichungen, 
Jahresbericht der Vereinigung, vol. 33 (1924), pp. 52-64. 


PART II. ON THE ROOTS OF ENTIRE FUNCTIONS 
H. Upper AnD Lower LIMITs TO THE ABSOLUTE VALUE OF THE Roots. 

114. M. Petrovitch, (a) Remarque sur les zéros des séries de Taylor, 
Bulletin de la Société Mathématique, vol. 29 (1901), pp. 303-312. 

(b) Remarque sur les zéros des fonctions entiéres, Bulletin de la Société 
Mathématique, vol. 32 (1904), pp. 65-67. 

115. E. Landau, (a) Sur quelques théorémes de M. Petrovitch relatifs aux 
zéros des fonctions analytiques, Bulletin de la Société Mathématique, vol. 33 
(1905), pp. 251-261. 

(b) Ueber eine Aufgabe aus der Funktionentheorie, Tohoku Mathematical 
Journal, vol. 5 (1914), pp. 97-116. 

116. S. Kakeya, On the zero points of a power series with positive coef- 
ficients, Tohoku Mathematical Journal, vol. 3 (1913), pp. 23-24. 


I. Roots REAL, OR REAL AND OF.SAME SIGN. 


117. G. H. Hardy, On the zeros of a class of integral functions, Messenger 
of Mathematics, vol. 34 (1905), pp. 97-101. 


118. M. Petrovitch, (a) Sur une classe de séries entiéres, Comptes 
Rendus, vol. 143 (1906), pp. 208-210. 


(b) Théoréme sur les séries de Taylor, Comptes Rendus, vol. 146 (1908), 
pp. 272-274. 


(c) Une classe remarquable de séries entiéres, Atti del IV Congresso In- 
ternazionale dei Matematici, vol. 2 (Rome, 1908), pp. 36-43. 


119. J. I. Hutchinson, On a remarkable class of entire functions, Trans- 
actions of this Society, vol. 25 (1923), pp. 324-332. 
(This article connects with Nos. 117 and 118.) 


120. G. Pélya, (a) Bemerkung zur Theorie der ganzen Funktionen, 
Jahresbericht der Vereinigung, vol. 24 (1915), pp. 392-400. 

(b) Ueber Annaherung durch Polynome mit lauter reellen Wurzeln, Ren- 
diconti di Palermo, vol. 36 (1913), pp. 279-295. 


(c) Algebraische Untersuchungen iiber ganze Funktionen vom Geschlechte 
Null und Eins, Journal fiir Mathematik, vol. 145 (1915), pp. 224-249. 
(See No. 132 below.) 
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121. J. Grommer, Ganze transzendente Funktionen mit lauter reellen 
Nullstellen, Journal fiir Mathematik, vol. 144 (1914), pp. 114-165. 

(With this Nos. 122 and 123 connect.) 

122. N. Kritikos, Ueber ganze transzendente Funktionen mit reellen Null- 
stellen, Mathematische Annalen, vol. 81 (1920), pp. 97-118. 

(Derives some of Grommer’s results, No. 121, in simpler way.) 

123. M. Fujiwara, Ueber die Nullstellen der ganzen Funktionen vom 
Geschlecht Null und Eins, Téhoku Mathematical Journal, vol. 25 (1925), 
pp. 27-35. 

124. M. Alander, Sur les fonctions entiéres qui ont tous les zéros sur une 
droite, Comptes Rendus, vol. 176 (1923), pp. 158-161. 

125. A. Wahlund, Zum Beweise einer Beziehung zwischen den Koef- 
ficienten der ganzen Funktionen von der Hohe Null, die lauter negative oder 
lauter positive Nullstellen besitzen, Arkiv for Matematik, Astronomi, och 
Fysik, vol. 18 (1924), No. 22, pp. 1-5. 

126. E. Maillet, Sur les fonctions entiéres et quasi entiéres, Journal de 
Mathématiques, (5), vol. 8 (1902), see pp. 349-350. 

127. N. Tschebotareff, Ueber die Realitét von Nullstellen ganzer trans- 
zendenter Funktionen, Mathematische Annalen, vol. 99 (1928), pp. 660-686. 

See further Nos. 14(b), 32(b), 90, 92. 


J. OTHER RESTRICTIONS ON THE ROOTs. 


128. Lindwart and Pélya, Ueber einen Zusammenhang zwischen der 
Konvergenz von Polynomfolgen und der Verteilung ihrer Wurzeln, Rendiconti 
di Palermo, vol. 37 (1914), pp. 297-304. 

129. Y. Okada, A theorem on power series, Téhoku Mathematical 
Journal, vol. 15 (1919), pp. 278-279. 

(Connecting with No. 128.) 

130. G. Pélya, Ueber Annaherung durch Polynome, deren samtliche 
Wurzeln in einen Winkelraum fallen, Géttinger Nachrichten, Math.-Phys. 
Klasse, 1913, pp. 325-330. 

131. Roots with negative real parts. See Grommer No. 121. 

See also Nos. 91, 123. 


K. Roots OF THE DERIVATIVES. 

132. E. Borel, Legons sur les Fonctions Entiéres (1900), see Chapter 2, 
Les Idées de Laguerre, pp. 24-47. 

133. Cesaro, Sur les fonctions holomorphes de genre quelquonque, 
Comptes Rendus, vol. 99 (1884), pp. 26-27. 

134. L. Desaint, Sur quelques points de la théorie des fonctions, Annales 
de I’Ecole Normale Supérieure, (3), vol. 14 (1897), see pp. 336-344. 

135. L. Leau, Chapter 6, Racines des dérivées de certaines fonctions réelles 
de genre fini, Complément & un théoréme da Laguerre, Annales de 1’Ecole 
Normale Supérieure, vol. 23 (1906), pp. 102-120. 
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136. G. Pélya, Ueber die Nullstellen sukzessiver Derivierten, Mathe- 
matische Zeitschrift, vol. 12 (1922), pp. 36-60. 

Comptes Rendus, vol. 158 (1914), pp. 330-333. 

137. M. B. Porter, On a theorem of Lucas, Proceedings of the National 
Academy of Sciences, vol. 2 (1916), pp. 247-248, and pp. 335-336. 

138. M. Alander, (a) Sur le déplacement des zéros des fonctions entiéres 
par leur dérivation, Thése, Upsala, 1914. 

(b) Sur les zéros extraordinaires des dérivées des fonctions entiéres réelles, 
Arkiv fér Matematik, Astronomi och Fysik, vol. 11 (1916)-17), No. 15, 
pp. 1-18. 

(c) Sur les zéros des dérivées des fonctions rationnelles et d’autres fonctions 
méromor phes, Arkiv for Matematik, Astronomi och Fysik, vol. 14 (1919-20), 
No. 23, pp. 1-30. 

(d) Sur les zéros complexes des dérivées des fonctions entiéres réelles, Arkiv 
for Matematik, Astronomi och Fysik, vol. 16 (1922), No. 10, pp. 1-19. 

(e) Sur les fonctions entiéres non-réelles, Arkiv fér Matematik, Astronomi 
och Fysik, vol. 18 (1924), No. 12, pp. 1-9. 

139. M. Biernacki, Sur le déplacement des zéros des fonctions entiéres par 
leur dérivation, Comptes Rendus, vol. 175 (1922), pp. 18-20. 


L. MISCELLANEOUS. 


140. F. Lukdcs, Eine Eigenschaft des Konvergenzkreises der Potenz- 
rethen, Archiv der Mathematik und Physik, (3), vol. 23 (1915), pp. 34-35. 

141. R. Jentzsch, (a) Untersuchungen zur Theorie der Folgen analy- 
tischer Funktionen, Dissertation, Berlin, 1914; and Acta Mathematica, vol. 
41 (1918), pp. 219-251. 

(b) Fortgesetzte Untersuchungen iiber die Abschnitte von Potenzrethen, 
Acta Mathematica, vol. 41 (1918), pp. 253-270. 

(Jentzsch proves that every point on‘the circle of convergence of a 
Taylor’s power series is a limit point of roots of its segments. In No. 140 
Lukacs showed that there was at least one such limit point on the circle. 
An extension of Jentzsch’s result is given by Szegé in the following article.) 

142. G. Szegé, (a) Ueber die Nullstellen von Polynomen, die in einem 
Kreise gleichmassig konvergieren, Sitzungsberichte der Berliner Matema- 
tischen Gesellschaft, vol. 21 (1922), pp. 59-64. 

(b) Ueber die Nullstellen der Polynome einer Folge, die in einem einfach 
zusammenhdngenden Gebiete gleichmdssig konvergiert, Géttinger Nachrich- 
ten, 1922, pp. 137-143. 

143. R. Jentzsch, Sur l’extension d’un théoréme de Laguerre, Comptes 
Rendus, vol. 158 (1914), pp. 780-782. 

144. G. Pélya, Ueber das Graeffesche Verfahren, Zeitschrift fiir Mathe- 
matik und Physik, vol. 63 (1915), pp. 275-290. 

Comptes Rendus, vol. 156 (1913), pp. 1145-1147. 

See also Nos. 11, 72 
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AN ANNOUNCEMENT REGARDING 
FACTOR STENCILS 


BY D. N. LEHMER 


An edition of fifty sets of Factor Stencils has been com- 
pleted and will shortly be distributed by the Carnegie In- 
stitution of Washington under whose auspices the work of 
construction has been done. The device is intended to facili- 
tate the finding of factors of numbers of an order as high as 
two billion and a half. 

The theory of the stencils is based on the well known fact 
that if R is known to be a quadratic residue of a number NV 
then the factors of N are to be found in certain linear forms. 
Thus if —1 is known to bea residue of N, the factors of N are 
all of the form 4n+1; and if 2 is a residue of N, the factors of 
N are of the form 8” +1; and so on. These linear forms may 
be combined and a set of linear forms deduced from them to 
limit the number of trials necessary to determine the charac- 
ter of the number JN. 

As the number R increases, however, the number of forms 
to be considered also increases so that the combination of the 
forms corresponding to two numbers R such as 113 and 199 
would involve some 11,088 resulting forms. The straight- 
forward combination of the linear forms becomes impossible 
except for very small values of R. Nevertheless large values 
of R will exclude the same proportion of trials as small values, 
and the stencil device is intended to make it possible to use 
values of R as high as +238. As each residue discovered 
serves to reject approximately half the number of trials, it is 
seen that for a number of the order of 2,000,000,000 where 
some 5,000 trial divisors must be examined, one residue re- 
duces the number to about 2,500 trials; two to about 1,250; 
three to 625; four to 312; five to 78; six to 39; seven to 20; 
eight to 10; nine to 5; and ten to 2. The finding, therefore of 
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ten quadratic residues of N ought to be sufficient to find the 
factors of a number of the order of two billion. For smaller 
numbers, of course, a smaller list will serve. The only diffi- 
culty lies in the combination of the linear forms belonging to 
the residues. This difficulty is completely solved by the 
factor stencils. One does not seek to find the resultant forms 
of all the forms belonging to the residues, but only the primes 
that may lie inthem. This isaccomplished by a plan which is 
believed to be entirely new, and the work of examining a num- 
ber is practically complete as soon as the list of residues is 
found. The construction of the Factor Stencils is as follows. 
The first page of the list of primes published by the Car- 
negie Institution of Washington in 1914 contains 5,000 
primes beginning with 1 and ending with 48,593. Any com- 
posite number not greater than 2,361,279,649, which is the 
square of 48,593, will have at least one of its factors in this 
list of primes. The list is arranged in fifty columns with one 
hundred rows in each column. A sheet of paper for a stencil 
is then ruled to show 5,000 cells, 50 columns and 100 rows. 
For a given R, holes are punched in those cells corresponding 
to primes which have R for a quadratic residue. Thus for 
R= -—1 holes appear in the cells corresponding to the position 
in the list of primes of the numbers 1, 5, 13, 17, 29, 37,---, 
and for R=2 the holes appear in the cells corresponding to 
the numbers 1, 7, 17, 23, 31, 41, 47, 71, 73, - - - ; the first set 
all having —1 for a residue and the second all having 2 for a 
residue. If these two stencils are superposed it is clear that 
those holes which appear through both indicate primes which 
are in both sets and have both —1 and 2 for residues. The 
first holes that thus appear are those corresponding to the 
primes 17 and 31. If now the stencil for a third residue is 
laid on the other two approximately half the remaining holes 
are covered and the holes that shine through the three 
stencils indicate primes that have all three numbers for quad- 
ratic residues. The problem of finding the factors of a num- 
ber within the range of the first 2,000,000,000 numbers is 
reduced to the finding of some eight or ten quadratic residues. 
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In the book which accompanies the stencils various 
methods of finding quadratic residues are discussed and the 
method by means of the expansion of the square root of the 
number in a continued fraction is found to be by far the most 
effective. Various examples are given illustrating the power 
of the stencils, and a reproduction of the first page of the list 
of primes accompanies the work. 

The plan of the stencils was first conceived in November 
1924 and has been carried on since then under grants from 
the Carnegie Institution of Washington. Plans for the dis- 
tribution of the sets are not yet completed, but every effort 
will be made to place them where they will be of most use. 


Tue UNIVERSITY OF CALIFORNIA 


ON A PROBLEM IN THE THEORY OF GROUPS 
ARISING IN THE FOUNDATIONS OF 
INFINITESIMAL GEOMETRY* 


BY H. P. ROBERTSON AND H. WEYL 


In another paper in this issue, f the fundamental problem of 
infinitesimal geometry is formulated as the problem of 
uniquely associating with an arbitrary coordinate system on 
the manifold M a normal coordinate system on the tangent 
plane Tp by means of the fundamental coefficients of dis- 
placement on M. 

The importance of the other aspect of this problem 
raised by O. Veblen and H. P. Robertson, yet remains: to 
associate a_ transformation of the given group @ with an 
arbitrary tranformation of the coordinates x in such a way 
that it gives rise to a representation by G, that is, that to 
composition of arbitrary transformations of x corresponds 
composition of the associated transformations of @. From 


* Presented to the Society, June 21, 1929. 
T This issue, pp. 716-725. 
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this standpoint the problem is a pure group-theoretic one 
which is not at all concerned with a “connection” on M. We 
consider in the following the projective group as an example. 

More precisely, the-problem is the following. Take the 
point P under consideration as the origin of coordinates, that 
is, consider the relative coordinates x,— xo‘, where P = P(x»). 
An arbitrary transformation of these relative coordinates x‘ 
has the form 


(1) z= ag x* 


The associated n-dimensional projective transformation a, 
which shall also leave the origin fixed, is expressed in homo- 
geneous coordinates 7 in accordance with the normalization 
(4) of the paper mentioned above. We take as coefficients a? 
of o the coefficients a, of (1); the coefficients a; are then to be 
determined. The condition imposed is that the association 
s—eo shall yield a representation. We may add the additional 
condition that ¢ depend only on the coefficients a¢ and aj, of 
s of first and second orders. 

We are then naturally led to the problem of representing 
the group G of all transformations by linear transformations, 
whereby the accessory condition that the transformation 
corresponding to s shall depend on the terms of the first two 
or first three orders etc. may be imposed. This problem is to 
be attacked as follows. We first restrict ourselves to the sub- 
group @, of & consisting of linear transformations 


= af x*. 


We know the representations of @» and we shall assume that 
the given representation s—o of G by N-dimensional matrices 
o decomposes into known irreducible representations when 
considered as a representation of Gp» (that is certainly the 
case when we restrict ourselves to the unimodular transfor- 
mations of Go; we take it to be the case for the full linear 
group for the sake of simplicity). Let these irreducible con- 
stituents be of orders o, 0’,---, respectively; i.e. to the 
infinitesimal dilatation dx‘'=x‘ correspond the dilatations 
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dE*=o't', - - - , respectively in these representations. 
(It follows from the general theory that in an irreducible 
representation a dilatation must correspond to a dilatation in 
the original group.) 

Furthermore, we employ Lie’s infinitesimal method. To 
an infinitesimal transformation s 


(2) dx‘ = agxt+ 


corresponds an infinitesimal transformation 


(3) = a,'t* 
of the given representation. But the af are now linear 
homogeneous functions of the a;z‘, ay,---. The condition 


that o be a representation requires in addition that to the 
commutator of two transformations s corresponds the com- 
mutator of the corresponding transformations £. We con- 
sider in particular the two transformations 


1 
s: +.--- and C: d’x* = cg x*. 


If the matrices of the corresponding oa (3) be A and I, the 
infinitesimal o with matrix AT —TI‘A shall correspond to the 
commutator of (4). We proceed in three steps, by first 
taking as C the dilatation 


d’xi'=x', thatis, cé = 6;', 


then the more general linear “principal transformation” 
d'x*=},x‘ (not summed!) with arbitrary \;, and finally the 
unrestricted C. 

The commutator of (2) and the dilatation is obtained by 
multiplying the term of mth degree in (2) by (n—1). The 
set of variables £ is divided into subsets the members of 
which are transformed among themselves under I, and in 
particular are only multiplied by 0, o’ etc. by the transforma- 
tion !=l, which corresponds to the dilatation. The rect- 
angle [A] of the matrix A, in which the set o intersects the 
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set o’, is multiplied by 0’—o on going over to ATz—T'aA 
from A. The a,‘ in this rectangle must consequently be 
multiplied by .’—o when the a#, aj, etc. are replaced by 
0-aé, 1-aj, etc. Consequently if 0’—0 is not a whole num- 
ber, 0, 1, 2,---, [A] must vanish identically, and if 
o’—o=n—1, [A] can depend only on the terms of order n 
in (2). In particular the square [A] of A in which the set 
o intersects itself can only depend on the a/. 

We can choose the coordinates in representation space in 
such a way that to the principal transformations dx‘=),x‘ 
correspond principal transformations £'—A,£'; the “weights” 
A, are linear forms in the \;. In the commutator of (2) with 
this principal transformation aj is replaced by 


while the corresponding process for the o changes a,‘ into 
a,‘(A,—A,). Consequently the a,‘ can depend onlyon those 
ay for which A, - is identical with A,—A,. 

Equivalent representations, which differ only in the choice 
of the coordinate system in which they are expressed, shall 
naturally be considered as the same. But as soon as the 
irreducible representations into which the given representa- 
tion of Gp» is decomposed is fixed the coordinate system is 
fixed except for multiplication of the variables of each subset 
by a non-vanishing arbitrary constant. 

Let us return to the case considered above, in which 
N=n-+1 and the (7+1)-dimensional representation of is 
decomposed into the u-dimensional s—s and the one-dimen- 
sional which associates the identity £°=£° with every s. Here 
o=1,0’=0; we must consequently have in (3) 


= a;', a?’ = 1, ae = 0, 


and a? depends only on the terms ai of second order. 
Furthermore, a? must be linear form in those a;, only for 
which A,+A,—A;=Ax. We must therefore have 


0 i 
an = DA 
i 


= 
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where the H;, are constants independent of s. In order to 
determine the H;; we now consider the commutator of 
dx = and = cix* 

and obtain 

+ aie’ — ane’) = 

or i r i 

Dan(Hn — = — Hix) air. 


Equating the coefficients of c;* on both sides for i#k we see 
that H;,=H;.; Hi, does not depend on 7 and can be written 
H;,. The equation then reduces to 


(A, — Hider = 0 
which tells us that H; is independent of k, H,=H. Hence 
an = H 


When H+0 we can multiply the variable &° by an appropri- 
ate constant in such a way that in this new coordinate 
system 

1 
n+1 


We thus find that there are two distinct possibilities: (1) 
a! =0 or the affine tangent plane, (2) the one obtained by 
Robertson and, from another standpoint, in the paper by 
H. Weyl on pages 716-725 of this issue, that is, the semi- 
osculating projective plane. 


H=- 


PRINCETON UNIVERSITY 


1929.] TRANSFORMATIONS OF 1-ICS 691 


NOTE ON LINEAR TRANSFORMATIONS OF 
n-ICS IN m VARIABLES* 


BY A. D. CAMPBELL 
Let us consider the n-ic in m variables 
(1) x2, Sua) = 0. 


If we subject (1) to the linear transformation 


(2) = + +---+ domXm ats 
Pim = GmiXt + + Om3X3 + 
we obtain 
+ + +--+ + + dimXm + 


+ + ) = 0. 


Note that in the expansion of (3) the coefficient of the term 


necessary and sufficient condition for this coefficient to vanish 
is that the point P;(a1;, dei, - -- , @mi) shall lie on the geo- 


metric locus of (1). To obtain the coefficient of such a term 
as x/ x/*»-r in the expansion of (3) we can put 
=~ xf xf = --- = 
then use Taylor’s Expansion on 
F(ayixf + aijxj , + 
(4) + Gm jX; ) = F(X, + 
XJ Xst+ Xn t Xn), 


* Presented to the Society, August 29, 1929. 


= 
= 
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where XxX, ‘ xX; =a,;x} Xo=d2;xi =2;x}, etc. We 
find the coefficient of x/"x/*-' in the group of terms* 


1 OF OF OF OF (a—n) 
+—XJ4+---+ x2) 
(n r)! Ox, 0X» OX m 
/ OF OF 
(n r)! 042; 
(5) 


OF OF (n—r) 
where 0F/0a,; means 0F/0X, with X; replaced by a1:, X2 by 
dei, X3 by a3i,---, Xm by and similarly for 0F/0a2;, 
OF /0a3;, - - - Hence we may conclude that a neces- 
sary and sufficient condition for the vanishing of the coef- 
ficient of x/*x/*- in the expansion of (3) is that the point 
P(a1;, @2;, shall lie on the (m—r)th polar 
of P;(a1;, d2:, - - - , @mi) With respect to the locus of (1). 
We obtain the coefficient of the term in x/'x/x{*--- 
xi «xf * (where r+s+if+ --- +u-+v=2) in the expansion of 
(3) by the following device. We can write (3) as 


(6) F(¥i+ Yi =0, 


where 


etc. We take the collection of terms 
(7) 1 (<r 
(n — oY, OY; 
OF (n—r) 
+ 
OF 


* See Goursat-Hedrick Mathematical Analysis, vol. 1, pp. 107-108. 
For the Galois fields, see A. D. Campbell, The polar curves of plane algebraic 
curves in the Galois fields, this Bulletin, vol. 34 (1928), pp. 361-363. The 
methods of this paper may be readily generalized to the polars of an n-ic 
in m variables. 
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in the expansion of (6). All the terms with x/* as a factor 
must come from (7). We can write (7) in the form 


ajr OF OF OF 
Vy Vi+—Vit+--- 


(8) (n — r)!\0a; 002; 003; 
OF (n—-r) 
mi 


If we equate (8) to zero we obtain the (m—r)th polar of 
P (aii, , mi) with respect to the locus of (1). 
We can also write (7) in the form 


(n—r)! 


(9) 


F'(Yi ,Y2,Y3, Yu), 


where F’ is a function of the (n—r)th degree. We put 

where 

+ + Gimtm , Zo = 

etc. Expanding (9), we find that all the terms in the expansion 

of (3) that have the factors x/* and x/* must be in the collec- 


tion of terms 


oF’ oF’ OF’ 


air 
OF’ (n—r—s) (af rx} OF’ 
an (n — r)\(n — r — 
oF’ OF’ oF’ 
+—Zi +—Zi + --- + 
02; 003; 
If we equate (11) to zero we shall have the (n—r—s)th polar 
of the point P;(a1;, d2;, @3;,° ,@mj) with respect to the 
(n—r)th polar of P;(ai;, d2:, - - @mi) With respect to the 


locus of (1). 


= 
— 
2 
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Next we take 
Zi Wi+ Wi, =W2+W?, 
Z3 = Wat W'm 


in (11), where 


Wi = auexd , Wi = + + 
+ + + dimtm , We = , 


etc. We repeat the above processes until we finally reach 
the collection of terms having all the factors x/*, x/*, 
xit,---,x/*,and xf. Therefore, we see that for the coef- 
ficient of the term x/'x/*x/'---x/*«x,* in the expansion of 
(3) to vanish we must have the point P,(d1p, d2p, @3p, » 
on the (n—r—s—t— --- —u-—v)th polar of Pi(au, a2, -- -, 
With respect to the ---th polar of ---, 
with respect to the (m—r—s-—)th polar of 
,@mk) With respect to the (n—r—s)th polar of 
P;(a1;, ,@mjz) With respect to the (n—r)th polar of 
P dei, - - Ami) With respect to the locus of (1). 

It is noteworthy that this discussion applies to the ordi- 
nary complex or real domains and also to the Galois fields. 


SyRACUSE UNIVERSITY 
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NON-EXISTENCE THEOREMS ON THE NUMBER 
OF REPRESENTATIONS OF ARBITRARY 
ODD INTEGERS AS SUMS OF 4r SQUARES* 


BY E. T. BELL 


1. Introduction. The theorems stated in §3 and proved in 
§4 will be more significant if we first outline some known 
results and devise a definition which they suggest. In §5 
an interesting problem is proposed, to which the method of 
this paper is at least partly applicable. 


2. Simplicity of the Number of Representations of an In- 
teger as a Sum of 4r Squares. Let n, r be given integers. The 
number N(n, r) of one-rowed matrices (x1, %2,---, Xr) of 
integers x;=0 (j=1, 2,---, r) such that x?+x?+--- 
+x? =n is called, as customary, the number of representa- 
tions of m as a sum of r squares; N(0, r)=1. Henceforth let 
n be an arbitrary integer >0, and m an odd integer >0. 
Denote by £;(”), 720, the sum of the jth powers of all the 
divisors of n, ¢;(0) =1 by convention; and by £;(m) the sum 
of the jth powers of all the divisors=1 mod 4 of m minus the 
like sum for the divisors =3 mod 4. Write (—1|m) 
=(—1)("-)/2, Then, either from the analysis of BulyguinT 
or otherwise, it is known that the general structure of 
N(m, 2r) is as follows: 


N(m,4r) = + F,(m), 
N(m,4r — 2) = [b + c(— 1| m) ]éx--2(m) +G,(m), 
where a, b, c are numerical constants (independent of m) 
different from zero; F;(m)=G,;(m) =0 (j=1, 2), and F,(m), 


G,(m), when r>2, are sums of homogeneous polynomials 
in the integers y1, yo, 0 such that 


* Presented to the Society, June 20, 1929. 
+ Bulletin de l’Académie de St. Petersburg, 1914, pp. 389-404. 
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=m, 
where ¢ <2r for F,(m) and t<2r—1 for G,(m). For example, 


Fe(m) = p — 28y1y2? + 35yi4y24) + Do(yit — 391792”), 
8 16 


where > -s, >. refer respectively to all sets of solutions of 
yi? + yo? ys? = m, + yo? + ye? = m, 


respectively, and ~, g are numerical constants different from 
zero. Precisely similar theorems hold for N(2*m, 2r), a>0; 
the constants a, b are then to be replaced by a+A2-"2, 
b+ B2*("—-D2 respectively, where A, B are numerical constants 
different from zero; F,(2*m), G,(2*m) replace F,(m), G,(m) 
and are defined in the same way as the latter with 2* m in 
place of m throughout. 

We shall call af2,_1(m), [o-+c(—1|m) ] &,-2(m) the simple 
parts of N(m, 4r), N(m, 4r—2) respectively, and similarly 
for N(2*m, 2r). The remaining parts will be called com- 
pound. 

DEFINITION. If a>0, 820 are constant integers, and if the 
compound part of N(at+f8, 2r) either vanishes or ts identically 
zero for all integers t=0, N(at+-8, 2r) is said to be simple. 

For example, N(t, 27) is simple when and only when 
r=1, 2, 3, 4. In these cases the compound part vanishes 
identically ; that is, it is absent. On the other hand, N(2t#, 12), 
N(4t+3, 10) are simple because the compound parts of 
N(n, 12), N(n, 10), neither of which is identically zero, 
vanish when n = 2t,n =4t+3 respectively. These six examples 
exhaust the known instances of simple N(at+8, 2r). 

We shall discuss the simplicity of N(4t+ 8, 2r). Evidently 
the following enumeration of cases is exhaustive; it is made 
to fit the subsequent analysis: 


N(4t+ 8, 4r—j), (8 = 0,1,2,3; 7 = 0,2). 
In other papers, cited presently, all cases except N(4t+1, 4r), 


N(4t+3, 4r) have been disposed of. We may therefore 
restrict the discussion to these. 
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3. Theorems on N(m, 4r). We shall prove the following. 


THEOREM 1. If N(m, 4r),m=1 mod 4, is simple, N(m, 4r) 
=8rfo,1 (m). 
THEOREM 2. If N(m, 4r), m=3 mod 4, is simple, 
32r(2r — 1)(4r — 1) 
N(m,4) = Cop 
) 3(3°-1 + 1) $2r—1(m) 


THEOREM 3. Jf m=1 mod 4, and N(m, 4r+4), r>1, is 
simple, it is necessary (but not sufficient) that 


3-522 = 512r4 + 768r* + 352r? + 1687 + 225. 


THEOREM 4. Jf m=3 mod 4, and N(m, 4r+4), r>2, is 
simple, it is necessary (but not sufficient) that 


105(727+1 + 1) = (512r4 — 256r? — 32r? +-856r + 210) (37+ + 1). 


THEOREM 5. N(m, 4r+-A4) ts simple for no r>1. 
THEOREM 6. N(m, 4r) is simple when and only when r =1, 2. 


To state the next theorem, let k be the modulus of the el- 
liptic function sn u. Then, as is well known or easily seen 
by Maclaurin’s theorem, the coefficient of (— 1)"u?"+1/(2r+1)! 
(r=0) in the expansion of sn u is 


Sorgi(R®) = 
t=0 


where the s,(r) (¢=0, 1,---, 7) are integers >0. The 
expansion being unique, the integers s,(r) are uniquely de- 
fined. Let (3) denote the coefficient of x‘ in the expansion of 
(1+ x)? if p>0 and 0Sj<p, and zero otherwise. Then 


t=0 


is an integer >0O whenever r20, u20 are integers. 

THEOREM 7. If m=1 mod 4, a necessary and sufficient 
condition that N(m, 4r+4), r20, shall be simple, is that a 
constant d (independent of m) shall exist such that 


A 


698 E. T. BELL [Sept.-Oct., 


if such a d exists, N (m, 4r) 

THEOREM 8. Jf m=3 mod 4, a necessary and sufficient 
condition that N(m, 4r+4), r20, shall be simple, is that a 
constant \ (independent of m) shall exist such that 

4r+ 
+ 3/’ 


if such a d exists, N(m, 4r+4) = 2f2,41(m). 


= (u=0,1,---, 7); 


4. Proofs. It is readily seen that Theorems 7, 8 imply all 
the rest. We shall require the following explicit values of 
s.(r) (t=0, 1, 2, 3) for all integers r=>0, due to Hermite :* 


So(r) = 1; 24s (r) = 327+! — Br — 3; 
28so(r) = 527+! — (8r — 4)32"+1 4 327? — 32r — 17; 
= 727+! — (Sr — 12)52°+1 4 “3272 — 88r + 
— 3(256r? — 1056r? + 752r + 471). 


Assume for a moment that Theorems 7, 8 are true. Then 
the value of \ is found by taking »=0. Theorems 1, 2 result. 
Take un =0, 1 in Theorems 7, 8; Theorems 3, 4 then follow by 
a simple but rather tedious calculation in an obvious manner. 
Theorem 5 follows from Theorems 3, 4 on remarking that 
for the appropriate (small) value of r>2 the left-hand 
members of the equalities stated in Theorems 3, 4 become 
and remain greater than the respective right-hand members; 
the few values of r not thus rejected are thrown out by 
Theorems 7, 8. (The details of a similar calculation are given 
in the paper cited presently.) Theorem 6 is then immediate. 
It remains then only to prove Theorems 7, 8. 


* Oeuvres, vol. 3, p. 237; stated without indication of proof. As certain 
others of Hermite’s values contain misprints, the above were calculated 
by the method of Gruder, Wiener Sitzungsberichte, vol. 126, IIa (1917), and 
found correct. 
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It was proved in a former paper* that 
m t=0 


for all integers r=>0, where >>, refers to all odd integers 
m>O, and @2, 63 are the usual elliptic theta constants. It was 
also pioved that for each value of the integer r=0, the set of 
integer coefficients s,(r) (¢=0, 1, - - - , 7) can not be replaced 
by any other set of r+1 integers >0. Apply to the above the 
identities 


02 = 26:85, = 02? + OF 


from the transformation of the second order. A short reduc- 
tion gives 
2r+1 


2 2r4.1(m) Yoo, (1) r+3—2p 
m u=0 

From the uniqueness of the set of coefficients s,(7)(¢=0, 1, 

- , r) and the manner in which the last identity has been 
obtained, it follows by a simple contradiction that the o,(r) 
(u=0, 1, -- +, 27+1) can not be replaced by any other set 
of integers >0. Replace g by g‘, and denote by N(n, r, h) 
the number of representations of m as a sum of 7 squares, 
precisely h of which are odd. Since a sum of 7 squares, pre- 
cisely h of which are odd, is=h mod 4, we compare coeffi- 
cients of like powers of g and separate cases modulo 4. Thus 


Z N(m,4r + 4,4u + 1) 
1 mod 4: 2¢2,41(m) = (r) 


= + 
4u + 3 
N(m,4r + 4,4u + 3) 
3 mod 4: 2fe,41(m) = Doo r) 
4u+ 3 
* To appear shortly in the Journal of the London Mathematical Society. 


The paper dealing with the remaining cases of N(4t+ 8, 2r) has not yet 
been published. 
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By what precedes, the o;(r) can not be replaced by any other 
sets of integers >0. But, obviously, 


m = 1mod4: N(m,4r+ 4) = >“ N(m,4r + 4,4u + 1); 


u=0 


m = 3mod 4: N(m,4r +4) = DON(m,4r + 4,4u + 3). 


Hence Theorems 7, 8 follow. 


5. Statement of a General Problem. The theorem that 
N(t, 2r) is simple when r=1, 2, 3, 4 is due to Eisenstein.* 
That N(t, 2r) is simple only for those values of r does not 
seem to follow from his statements; the simplicity when and 
only whe> r =1, 2, 3, 4. can be proved readily by the methods 
of this paper. It follows from the thecrems of the present 
paper and the others cited in §4 that N(t, 2r), N(4t+8, 2r) 
are simple only for the values of 8, 7 stated in §1. Further, 
it is clear that the complete theory of the simplicity of 
N(ai+8, 2r) is known for a=1, 2, 4. This suggests the 
following problem. Find all values of r (if any) for which 
N(at+8, 2r) is simple, where a is an arbitrary integer >0 and 
different from 1, 2,4. The obvious generalization in which the 
¢, functions are replaced by other given functions of divisors 
might also be considered. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


* Journal fiir Mathematik, vol. 35 (1847), p. 135. 
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NON-ISOLATED CRITICAL POINTS OF 
FUNCTIONS* 


BY W. M. WHYBURNT 


The isolated critical points of real functions of m indepen- 
dent real variables have been treated in an elegant manner 
by Marston Morse.{ This treatment obtains definite 
relations between the numbers of critical points of +1 
types that appear in a bounded portion of the space of the 
independent variables. Morse requires his functions to have 
continuous third partial derivatives in the neighborhoods of 
the critical points and imposes conditions that are sufficient 
to insure the existence of at most a finite number of such 
points in the domain under consideration. In the present 
note§ we consider functions that have continuous first 
partial derivatives and may have an infinite number of criti- 
cal points, or even continua of such points, in the given do- 
main. Asa special case of our results we obtain the minimax 
principle of Birkhoff in the modified form given by Bieber- 
bach.|| 

Let S denote the space of the m real variables x1, x2,--- , 
Xn, and let (x)=(x1, x2,---, X,) denote a point in this 
space. Let R bea bounded, open, and connected point set 
in S and let C, the boundary of R, be connected. Let the 
real function -- - , be single-valued and continuous 


* Presented to the Society, December 27, 1928. 

t+ National Research Fellow in Mathematics. 

t Transactions of this Society, vol. 27 (1925), pp. 345-396. 

§ The author is indebted to Marston Morse for helpful suggestions 
concerning the material of this paper. 

|| Differentialgleichungen, Berlin, Springer, 1927, p. 140. 

{| The terms of classical point set theory are used in their usual sense. 
The distance between two points is given by a generalization of the ordinary 
distance formula in the plane. If K denotes a point set, then K’ is used'to 
denote K together with all of its limit points. 


“| 
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throughout R’ and furthermore let f;(x1, --- , xn) =Of/0xi, 
(t=1,---, m), be continuous in R’. On C, let f(x)=K,a 
constant, and at all points of R= R’ —C let f(x) be less than K. 

A point of R at which f(x) =f2(x)= --- =f,(x)=0 is 
called a critical point of f(x) and the value of f(x) at such a 
point is called a critical value of f(x). Let H denote the set 
of all critical points of f(x) in R. 


THEOREM 1. For each point p of H there exists a connected 
subset M(H, p) of H that contains p and has f(x) =f(p) at 
each of its points and finally, such that M(H, p) ts not a proper 
subset of any other subset of H that is connected, contains p, 
and has f(x) =f(p) at each of its points. 


Proor. Let p bea point of Hand let T denote the set of all 
points of H for which f(x) =f(p). If T is connected, it is the 
desired set. Since T is bounded, we may find a hypercube C; 
of edge d containing JT on its interior. Let Ci, C2,--- 
denote the set of hypercubes obtained by dividing C, into 2" 
hypercubes C2, C3,---, Cos: of edge d/2, then dividing 
each of these into hypercubes of side d/4 and continuing this 
subdivision indefinitely. We suppose these arranged so that 
for every i, C; has its edge greater than or equal to the edge 
of C;,:. Let C,, be the cube of lowest subscript that contains 
a point of T and is such that T can be expressed as the sum 
of two mutually exclusive closed sets P; and Q; such that 
P; contains p but no point of C,,. Certainly such a cube 
exists since, by hypothesis, T is not connected and hence can 
be expressed as the sum of two mutually exclusive closed sets 
S, and S2. There exists a positive number e such that the 
sets S, and S, are at a distance apart greater than e and hence 
any cube of the set Ci, C2, - - - , that has its edge of length 
less than €/2 and contains a point of the set which fails to 
contain p may bechosen. If P; is not connected, we let C,, 
be the hypercube of the set C;, C2, - - - , of lowest subscript 
which contains points of P; and has the property that P; can 
be expressed as the sum of two mutually exclusive sets P» 
and Q2 such that P2 contains p but contains no point of "sl 
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This process may be continued indefinitely unless one of the 
P’s, P;, is connected. If P; is connected, it is the desired set 
since T—P;=Q:+Q2+ --- +Q; and hence P; cannot be a 
proper subset of a connected subset of T. If the process con- 
tinues indefinitely, then the sequence P;, P2,---, has at 
least one common point, namely, p. Let M denote the 
totality of such common points. M must be connected, since 
otherwise it would be the sum of two mutually exclusive 
closed sets (since M is closed). These sets would be at a 
distance apart greater than a definite positive constant and 
hence we could find a hypercube C; of the set Ci, - - - , con- 
taining points of that set which failed to contain , but having 
no point of the other set in C?. This, however, is impossible 
since by our method of picking C,,, - - - , Ck would have been 
chosen at at least the kth stage. Since T=M+)°2, Q,, 
it follows that any point g of T—M belongs to one of the 
Q’s, Q,, and since M belongs to P,, it follows that g could 
not belong to a connected subset of T that contains M. 
Hence M is the desired set M(H, p). 


DEFINITION. By the critical sets of f(x) in R we mean the 
sets M(H, p) of Theorem 1. 


THEOREM 2. Let Ki, Ko,---, Km, where m 1s a positive 
integer, be subsets of H and let each K; have the property that 
any two of its points can be joined in K; by a rectifiable Jordan 
arc* of finite length. If R=Ki+--- +Kn 1s connected, 
Sf (x1, , Xn) ts constant on k. 


Proor. A theorem on rectifiable curves in the plane 
and in three-space can readily be extended to hold in -space. t 
This theorem states that if x=f.(t), y=fe(t), z=fs(t) is a 
rectifiable curve of finite length, then df,/dt, df2/dt, df3/dt 
exist and are finite at every point of the ¢ interval with the 
possible exception of a set of points of measure zero. 


* The definition of such an arc is an obvious extension of the two- 
dimensional definition. 

+ Hobson, Theory of Functions of a Real Variable, Cambridge, 1921, 
vol. I, pp. 320 and 376. 
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Let p: and p2 be any two points of K; and let x;=f;(t), 
j=1,---,m, where ¢t denotes the length of arc from f;, be a 
Jordan arc of the type whose existence is conditioned in the 
theorem. We have df=)>}_1f;dx; almost everywhere on the t 
interval and since the arc is a subset of H, we have df=0 
almost everywhere on this arc. An application of Lebesgue 
integration yields f(p1) =f(p2). Hence f(x) is constant on K;. 
From continuity, it is therefore constant on K/ and from 
the connectedness of k it follows that f(x) has a fixed constant 
value on this set of points. 

DEFINITION. A critical set M(H, p) is said to be a minimal 
set of f(x) provided it is true that for every point q of M(H, p) 
there exists a positive number €, such that f(x) =f(q) for every 
point (x) whose distance from q is less than €,, the equality sign 
holding only for points of M(H, p). 

THEOREM 3. If f(x1, -- - , Xn) has two distinct minimal sets 
M, and Mz in R, there exists at least one critical point of 
f(x1, Xn) in R that does not belong to M,+ M2. 

Proor. Let the notation be chosen so that if m: and m are 
the values of f(x) on M, and Mz, respectively, then m2m,. 
Let the notation G(f<h) mean the subset of R’ on which 
f<h, and let G(f=h) mean the subset of R’ on which f=h, 
while G(f<h) means the subset of R’ on which f<h. In 
G(f<m) there are two closed, connected, and mutually ex- 
clusive sets N; and Ne such that NM; contains M,, Ne=Ms2, 
and N,and Neare the maximal connected subsets* of G(f Sm) 
that contain M, and M2, respectively. That N; and Ne are 
mutually exclusive follows when one notes that if they had 
a point g in common it would follow from the connectedness 
of N, and Nz that this point would belong to Mz and bea limit 
point of points of N,— M, (since M, is closed), that is, points 


* By a maximal connected subset of a set T having certain properties 
we understand a subset which has the properties and is connected but which 
is not a proper subset of any other subset of T having these properties. 
The existence of such sets for each of our applications is established by a 
repetition of the arguments used in proving Theorem 1 with slight verbal 
modifications. 


| 


1929.] NON-ISOLATED CRITICAL POINTS 705 


of G(f<m). This is impossible since M2 is a minimal set of 
f(x). 

Let 4 be any number such that m<h<K and let Ny, and 
Ne, be the maximal connected subsets of G(f<h) that con- 
tain M,; and M2, respectively. For h=m, Ni, and N2, have 
no point in common while for h=K, these two sets have a 
common point and are therefore identical. An application 
of the Dedekind-cut postulate yields a number k, mSk<K, 
such that k is either the greatest number for which Ni, and 
No, have no point in common or it is the least number for 
which N;,=Ne.. We show that k is the least number for 
which Ni,= Nex. Suppose k is the greatest number for which 
Ni, and N2; are mutually exclusive. Noting that R’=G(f<K) 
is connected, we can and will choose a sequence ki>k2 
>ki>---, so that kR<k;<K and lim;.. k:=k. 
Ni=Niur;= Nox; t=1, 2,---, is a sequence of closed, 
bounded, and connected sets having the property that for 
each i, N;4: is a subset of N;. A direct generalization of the 
usual proof in the plane, making use of the Heine-Borel 
property and the set of hypercubes introduced in the proof of 
Theorem 1, shows that the common part, Ni,+ Nex, of this 
sequence is closed and connected. This, however, contra- 
dicts the hypothesis that k was a number for which the sets 
Ni, and Nz, have no common point and shows that & is the 
least number for which Ni, = Nox. 

The set of points U=G(f=k) contains no point of M,+ Mz. 
Assume that U contains no critical point of f(x). We ‘show 
that this assumption leads to a contradiction. 

Lema 1. U consists of at most a finite number of maximal 
connected subsets. 

Proor. Assume the contrary; then U=m+u+---, 
where no two of the u;’s have a point in common, each u; 
is closed, and the w,’s are chosen so that the sum of two or 
more of them is not connected. There is at least one point 
p of U that is a limit point of a sequence of points pr, ‘be, a She 
of U and no two of the #,’s belong to the same u;.’ Since one 


of the partial derivatives, f;, is different from zero at p and 
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f; is continuous in R, we may find a neighborhood D of p 
throughout which f; is different from zero. Furthermore, by 
the classical implicit function theorem* there exists a sub- 
neighborhood E of D such that all points of U that lie in E 
belong to a single continuous function x;= F(x, ---, xj-1, 
Xj+1,° °°, Xn) and hence the subset of U that lies in E is 
connected. This contradicts the hypothesis that is a limit 
point of points of infinitely many distinct u,’s. Hence 
U=U,+U2+ --- +U,, where r is a positive integer and 
U;,7=1,---, 7, is closed and connected. 


LemMa 2. U;,i=1,-- -,7,7s a closed manifold} in the sense 
of analysis situs and its connectivity R,-1 is given by Ry1=2. 


Proor. S.S. Cairns{ has recently shown that U;is a com- 
plex in the sense of analysis situs. This is accomplished by 
breaking up U; into (m—1)-cells. An application of the 
implicit function theorem used in proving Lemma 1 shows 
that U; has each of its (n—2)-cells incident with exactly 
two (n—1)-cells and hence U; has no boundary. Hence U; 
is a closed manifold and since it consists of a single (m—1)- 
circuit and this is, of course, non-bounding, we have R,_,—1 
=1, or R,-1=2. 


PROOF OF THEOREM 3. By Alexander's theorem§ S— U;, 
(t=1,---,7), consists of two mutually exclusive connected 
point sets C;and D;. More generally, this theorem shows that 
S—>/_,U; consists of j+1 mutually exclusive connected 
sets Gi, - - -,Gjs1. Since U; consists of two mutually 
exclusive sets one of which contains M, and the other con- 
tains M2, it follows as an immediate consequence of a 
theorem by Alexandroff|| that at least one of the sets Uj, 
call it Ui, is such that S— where contains 


* See Hobson, loc. cit., p. 410. 

t See, J. W. Alexander, Transactions of this Society, vol. 23 (1922), 
pp. 333 ff. 

t Unpublished work. An indication of the procedure is given by Morse, 
loc. cit., p. 355. 

§ Loc. cit., p. 343, Theorem Y. 

|| Comptes Rendus, vol. 183, p. 723, Theorem II,. 
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M, and D; contains M;. Since C is connected, it is a subset of 
C, or D;. A reapplication of Alexandroff’s theorem yields 
U2 such that S—(Ui+ U2) =Gi+G2+G;, where G; contains 
M,, Gz contains M2, and G3 contains C. For definiteness let 
D, contain Mz and C. We distinguish between two cases: 
Case I, C, contains Mi, M2, and U; while D2 of necessity 
contains C; Case II, C2 contains M;, Ui, and C while D. 
contains M>. No other cases can arise. 

CasE 1. Since C, contains U; and since f(x) is continuous 
over C2+ U2, it follows that f(x) assumes its maximum for 
this domain in at least one point of the domain. If this 
maximum is greater than k then the point is an interior point 
and a consideration of the difference quotients of which the 
partial derivatives of f(x) are the limits shows immediately 
that this point is a critical point and thereby cortradicts our 
hypothesis. If the maximum has the value k, a similar con- 
sideration of the difference quotients shows that every point 
of U, is a critical point and likewise contradicts our hy- 
pothesis. 

CasE 2. In this case C;+ Ui and D2+ U2 are closed and 
mutually exclusive. U2]+Q, where 
Q cannot be vacuous since Nj; is connected. If A is a point 
of Q, we find U; so that S— U;=C3;+D3, where C; contains 
A and D; contains C. If either M, or M2 belongs to C3, a 
repetition of the argument of Case 1 proves the existence of 
a critical point of the type desired for Theorem 3. Hence 
both C, and D2 are subsets of D; and hence neither they nor 
their boundaries can contain limit points of the subset of 
Q that belongs to C;. A repetition of this argument a finite 
number of times (at most r times) together with the observa- 
tion that U; is closedshows that [C,+ U;] and [D2+ U2] 
contain no limit points of @. Hence Ni, cannot be connected, 
contrary to the manner in which it was constructed. This 
contradiction yields Theorem 3. 


1.* If f(x1,--- , Xn) has two distinct minimal 


* This corollary follows directly from the proof of Theorem 3. 
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sets M, and Mz in R, there exists at least one critical point of 


f(xi,--+-, Xn) in R that does not belong to a minimal set of 
2. If + , Xn) is restricted so that each of 


its minimal sets contains a single point, Theorem 3 becomes 
Bieberbach’s form of the minimax principle.* 
HARVARD UNIVERSITY 


and 
UNIVERSITY OF CALIFORNIA AT Los ANGELES 


SYMMETRIC FUNCTIONS OF 1-IC 
RESIDUES (mod 


BY T. A. PIERCE 


If p be an odd prime, g is said to be an n-ic residue of p 
if the congruence x*=g (mod ) has solutions; otherwise q 
is an m-ic non-residue of p. A necessary and sufficient con- 
dition that g be an n-ic residue of p is that 


(1) = 1, (mod p), 


where 6=g.c.d. (p—1, n). The number{ of -ic residues of 
a given prime p is (p—1)/6. 

It is with the symmetric functions of these n-ic residues 
that this paper deals. 

By means of (1) we readily prove that the product of two 
n-ic residues is an n-ic residue and that the product of an 
n-ic residue by an n-ic non-residue is an m-ic non-residue. 

Put (p—1)/6=r and let qi, go, - - - , be the set of all 
distinct m-ic residues of p. Then qigi, gig2, is the 
same set in different order, for the assumption that two mem- 
bers of this last set are congruent leads to the conclusion 
that two members of the first set are not distinct. 


* Loc. cit., p. 140. 
+ Presented to the Society, March 30, 1929. 
t Dirichlet-Dedekind, Zahlentheorie, 4th ed., 1894, p. 74. 


= 
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Let S,(q:, dr) be an integral homogeneous sym- 
metric function of qi, g2, - - , of total degree v. Assume 
that v is not a multiple of r. Take g; to be an n-ic residue 
belonging to the exponent 7; such a q; exists since ¢(r) >1. 
Then by virtue of the homogeneity 


Moreover 
Vie) = 5 9), p). 
Hence 
(q” — = 9, (mod 9). 


Since g; belongs to the exponent 7 and v is not a multiple 
of r, the first factor is not divisible by p; therefore the second 
factor is divisible by ». Hence we may state the following 
theorem. 


THEOREM 1. An integral symmetric function of dimension 
v of the n-tc residues of the odd prime p 1s divisible by p if v 
is not a multiple of (p—1)/5. 


Any symmetric function of the rth powers of the g’s may 
be evaluated by (1). Thus 


Lav (mod p). 


A general theory of symmetric functions whose dimensions 
are multiples of (p—1)/5=r is a desideratum here as it is in 
the case of ordinary residues when the dimensions are 
multiples of p—1. The two simplest cases will be treated 
here. 

First, since 


is satisfied by the (p—1)/6 distinct m-ic residues this con- 
gruence has its full complement of real roots and hence 


(2) +41, (mod p), 


according as r is odd or even. 


= 
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Next assume that (p—1)/6 is even and greater than 2 and 
let g belong to the exponent r/2>1. Such a q exists since 
o(r/2)>1. Then (q’/?)®'=q‘?-»/?=1 (mod p) and q is a quad- 
ratic residue of p. Thus the congruence 
(3) x*—q=0, (mod ) 


has asolution x. This solution x must be an 1-ic residue, for 
from x?=qg (mod p) we have x’=q’/?=1 (mod p), and x 
satisfies (1). 

The fact that (3) has a solution among the set of g’s may 
be expressed 


(q — — 9?) =0, (mod p). 


Expanding the left member and omitting intermediate terms: 
whose coefficients are multiples of p, by the theorem above 
we have 


(4) + (— --- , g?)q"!? 

+ qr)? =0, (mod 9), 
where S,/2(g:?,---, g/°) is the sum of the products of 
qi’, -- +, gf taken r/2 at a time. The dimension of S,/2 


is thus (p—1)/6. The last term of (4) is unity by (2) and 
since g belonged to the exponent r/2 we have 


q?) (- 1)7/2+1 2, (mod p). 


This last result corresponds to one due to Glaisher* for 
ordinary residues. 


THe UNIVERSITY OF NEBRASKA 


* Glaisher, Congruences relating to sums of products, etc., Quarterly Jour- 
nal of Mathematics, vol. 31 (1900), p. 34. 
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SINGULAR MANIFOLDS AMONG THOSE OF 
AN ANALYTIC FAMILY* 


BY O. D. KELLOGG 


1. Exceptional Occurrence of Singular Manifolds. This 
note is concerned with the following theorem. 


Let R denote a closed region, consisting of an open continuum 
of the space of the n complex variables 2, Z2,--- , 2n, together 
with its boundary points. Let the functions F;(21, 22,--- , Zn), 
t=1, 2,---,m, mn, be analytic at all points of R. Let 
M,, denote the matrix 


OF ; 
02; 


(i 

G 

We assume that M,, is of rank m at some point of R. 
Consider the manifold defined by the equations 


1,2, k), 


(Mx) 


(A) F (21,22, Zn) F (21,22, Zn) = Cm, 


where Ci, Cm are complex constants. 

For all but a finite number of values of c, the manifold de- 
fined by the first equation (A) contains no points in R at which 
the rank of M, is less than 1. 

If C2, , Cx have been chosen so that the matrix M;, is of 
rank k at every point in R on the manifold defined by the first 
k equations (A), then for all but a finite number of values of 
Cx41 the manifold defined by the first k+-1 equations (A) con- 
tains no points in R at which the rank of the matrix My4, is 
less then k+1. 

Thus, if C2, Cm are chosen in order, each avoiding a 
certain finite set of values, the manifold defined by the equations 
(A) will have no singular points in R.{ 

* Presented to the Society, March 29, 1929. 

T As far as I know, a proof of this general theorem has not been pub- 


lished. Birkhoff and I gave it for the case in which the functions F; are 
polynomials (Transactions of this Society, vol. 23 (1922), pp. 97-98), and 


= 
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By a singular point of a manifold, we mean a point at 
which a unique tangent linear manifold of the same order 
does not exist. A sufficient condition that a point of the mani- 
fold defined by the equations (A) be not singular is that the 
rank of the matrix M,, is m at that point. That the condition 
is not necessary may be seen by the example 


— = 0, = 0. 


The manifold defined by these equations consists of the two 
intersecting straight lines 2; =2;=0 and z.=2;=0. Its only 
singular point is at the origin, yet the rank of Mz is less than 
2 at every point of the manifold. 

It is not stated in the theorem that the values of the c; 
characterizing singular manifolds are finite in number. In 
general, the value of cx: to be avoided, if the resulting mani- 
fold is to be non-singular, is a function of the c; previously 
chosen. Thus in the case 


21 — 2023 = (1, 21 = C2, 


the value of cz to be avoided is c;. What is the case, is that 
among the «?" members of the family defined by (A), there 
are at most ©?"~* singular manifolds, a precise interpretation 
of this statement being given in the theorem. 

2. Needed Results in the Theory of Analytic Functions. We 
attach our considerations to the study of simultaneous 
equations in the second volume of Osgood’s Lehrbuch der 
Funktionentheorie,* where we find a theorem, of which the 
part we need may be stated as follows: 


Given a system of simultaneous equations 


G,(21,22, Zn) = 0, , Gi(21,22, Zn) = 0, 
where R=1, 2,---,1, is analytic at the 
point (a)=(a;, d2,---,4n) and vanishes there, but does not 


Morse gives a proof for the case m=1 in a paper in the April number of 

the American Journal of Mathematics, vol. 51 (1929). The theorem is 

apparently useful; in addition to its role in the two papers just cited it has 

served me at several points in a forthcoming book on Potential Theory. 
* Leipzig, 1st ed., 1924, 2d ed., 1929, Chap. II, §17. 


— 
— 
— 
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vanish identically. The solutions of this system in the neigh- 
borhood of (a) consist either of the point (a) alone, or of one or 
more manifolds g. The context makes it clear that the number 
of these manifolds is finite. 


The essential property of the manifolds g for our purposes 
is that any two points of any one of them can be connected by a 
curve , lying in the manifold, and analytic except at a finite 
number of points. 

We begin, in establishing this property, with a pseudo- 
algebraic manifold @ defined by the irreducible equation 


(1) uw) = 


and the inequalities |u;|<h, where h is a suitably restricted 
positive number. The coefficients E; are power series in the 
variables u; convergent for |u;|<h’, h’>h, vanishing at the 


origin O(u;=u2= --- =u,=0). 
If P’(w’, uy’, u’,---, uf) is any point of G, and if in the 
equation (1) we set u,=uft, the re- 


sulting equation defines w as an algebroid function of ¢. If 
the latter equation is reducible, we select the irreducible 
factor of the left hand member which vanishes for w=w’ 
when ¢=1, and equate it to 0. The discriminant of the result- 
ing equation vanishes at most a finite number of times on the 
real interval (0, 1), and hence from the branches of the 
function w of ¢ there can be selected a (complex) single- 
valued function w=f(t), which is continuous on the closed 
interval (0, 1), analytic except at a finite number of points, 
and which reduces to 0 for £=0, and to w’ for t=1. Then the 
curve 


(y’) w = f(t), u, = ust, Osta 1, 


lies in G, connects P’ with O, and is analytic except at a 
finite number of points. By means of a curve consisting of 
two such parts, any two points P’ and P’”’ of @ can be 
connected. 

We now consider a set of functions w1, we,--- , We of 


= 
= 
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Ui, Uy, belonging to the pseudo-algebraic manifold 
@, that is, having the following properties: they are one- 
valued and continuous on @, and analytic at every point of 
® at which the discriminant of the equation (1) does not 
vanish ; the function a;w,+ - - - +a,w, of the u; has, for non- 
specialized values of the parameters a, - -- , a,, branches, 
corresponding to the branches of w, no two of which are 
identically equal. Then the set of points of the space of 
(Wi, We,-* +, We, U1, Uy) Which correspond to the 
points (w, #,---, u,) of G constitutes a manifold g. The 
most general manifold g is either one defined in this way, or 
else one derived from it by a non-singular linear transfor- 
mation of the variables. As such a transformation does not 
change the essential character of the curve y, we may con- 
fine ourselves to the manifolds g as first defined. 

The functions w;, we,---,w, are pseudo-algebraic, and 
as they are one-valued and continuous on G, they assume 
at O unique values wio, Woo,---, Woo. If p’(w’, we,---, 
We, Uv, Uf,---, Uf) is any point of g, there corresponds 
to it a unique point P’ of G, which is connected with O by a 
curve y’. Just as the function w=f(t) was determined, we 
may determine from among the branches of w,, a single- 
valued function w;=f;(¢), continuous on the interval (0, 1), 
analytic, except at a finite number of points, and reducing to 
Wio for t=0 and to w,;’ for £=1. When this and similar func- 


tions have been determined for wi, - - - , w,, we shall have a 

curve 

(y) = fd, = fo(t) = uit, ugt, 
Ossi, 


from two of which can be constructed a curve of the re- 
quired character, connecting any two given points of g. 


3. Proof of the Theorem. Let (a) be any point of R. Then 
in the neighborhood of (a), the solutions of the equations 
OF; OF ; OF ; 
(2) —=0, —=0,---,—=0 
02; O2Zn 


? 
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(not all of which are identically satisfied, since M,, is of rank 
m at some point of R), if there are any, consist, by Osgood’s 
theorem, either of the point (a) alone, or of a finite number of 
manifolds g. Along an analytic arc of a curve y joining any 
two points of such a manifold, dF,;=0. It follows that F; is 
constant on each such manifold, so that the number of values 
of F, corresponding to solutions of the equations (2) in the 
neighborhood of (a), is finite. By the Heine-Borel theorem, 
the same is true for the whole region R. Hence for all but a 
finite number of values of c; the manifold defined by the 
first equation (A) contains no points in R at which M, is of 
rank less than 1. The first part of the theorem is thus estab- 
lished. 

Suppose now that ¢1, ¢2, - - - , c, have been chosen so that 
at every point in R of the manifold defined by the first k 
equations (A), the matrix M; is of rank k. We consider the 
simultaneous system of equations consisting of the two sets 


(3) Fi(zi,22, 2n) —C1=0, —Ce=0, 
and 

(4) Di(z1,22, , 2n) = 0,--- , , an) = 0, 
where D,,---, D, are all the determinants of order k+1 


formed from the matrix M;41, except such as may be identi- 
cally 0. Not all vanish identically, since, by hypothesis, MV, 
is of rank m at some point of R. 

If this system has any solutions in the neighborhood of a 
point (a) of R, they consist, by Osgood’s theorem, of the 
point (a) alone, or of a finite number of manifolds g. Let g 
denote such a manifold. Onit M;,and are everywhere of 
rank k. Hence from the equations dF, =dF,= --- =dF,=0, 
which follow from (3), we infer that dF;,,=0 at all points of 
the curve 7 connecting any two given points of g. By reason- 
ing previously employed, it follows that for all but a finite 
number of values of cx41, the matrix M;4; is of rank k+1 at 
all points of R on the manifold defined by the first k+1 
equations (A). This proves the second part of the theorem. 
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The truth of the final statement of the theorem emerges 
when to k are assigned successively the values 1, 2,---, 
m —1, and when it is recalled that a sufficient condition that 
the manifold defined by the equations (A) has no singular 
points in R is that the matrix M,, is of rank m at all points of 
the manifold in R. 


HARVARD UNIVERSITY 


ON THE FOUNDATIONS OF GENERAL 
INFINITESIMAL GEOMETRY* 


BY HERMANN WEYL 


In connection with a seminar on infinitesimal geometry in 
Princeton, in which I took part, it seemed desirable to clarify 
the relations between the work of the Princeton school and 
that of Cartan. 

With a group @ of transformations in m variables & is 
associated, in accordance with Klein’s Erlanger Program, a 
homogeneous or plane space ® of the kind G; a point of R is 
represented by a set of values of the “coordinates” £* and 
figures which go into each other on subjecting the coordinates 
to a transformation of © are to be considered as fully equiva- 
lent. The transformations of © give at the same time the 
transition between two allowable “normal” coordinate sys- 
tems in If we have two spaces of the kind and 
set up a definite normal coordinate system in each of them, 
then such a transformation can be interpreted as an iso- 
morphic representation of 3} on R’. G is assumed to be 
transitive. 

Cartan developed a general scheme of infinitesimal geome- 
try in which Klein’s notions were applied to the tangent 
plane and not to the n-dimensional manifold M itself. The 


* Presented to the Society, June 21, 1929 

7 E. Cartan, Sur les variétés 4 connexion affine et la théorie de la relativité 
généralisée, Annales de I’Ecole Normal Supérieure, vol. 40 (1923), pp. 325- 
412; in particular, p. 383, etc. 
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object of his work can be briefly described as follows. There 
is associated with each point P of M an m-dimensional plane 
space of the kind @. To the transition from P to a neigh- 
boring point P’, that is, to the line element PP’, corresponds 
an isomorphic representation of Tp on Tp, the “displace- 
ment” Tp—>Tp- or briefly PP’. On this basis the introduction 
of a general concept of curvature is possible: if we displace 
the tangent plane 7p in P along a curve L on M which leads 
back to P the tangent plane returns in a new position or 
orientation. The final position is obtained from the original 
by a certain isomorphic representation of Tp onto itself, and 
this we call the “curvature along L.” 

For the purpose of analytic formulation we refer M to 
coordinates x‘ and introduce a normal coordinate system £* 
in each tangent plane Tp. Let the components of PP’ be 
dx‘. We assume that the &¢ of all the Jp can be so chosen 
that the displacement PP’ is an infinitesimal isomorphic 
representation of the same order of magnitude as the dx‘. A 
radical specialization is introduced by the further assumption 
that this displacement depends linearly on PP’, i.e. that the 
consecutive application of the displacements PP’ and P’P’’ 
shall yield the displacement PP’’. The displacement from P 
to all neighboring points P’ is then expressed by the formula 


(1) = — 


The curvature along the infinitesimal parallelogram formed 
by line elements dx and 6x, which consequently has as com- 
ponents 

(Ax)** = dxthx* — bxidx', 
is given by 


Age = = (&)(Ax)'*, 


Ouse ous Ouse Ouse 
Riz + — uy? }. 
Ox* og 


In the foregoing the tangent plane is not tied up with the 
manifold; in order to justify this designation and hold to the 
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idea of a tangent plane we must now imbed it into the mani- 
fold. The first step in this process consists in taking a definite 
point O of Tp as center which shall, by definition, cover the 
point P on M (imbedment of Oth order). This leads to a 
restriction in the choice of a normal coordinate system & on 
Tp; because of the transitivity of @ it can and shall be so 
chosen that the coordinates £ vanish in the center. The 
group @& is restricted to the subgroup Goof all representations 
of @ which leave the center O invariant. On displacing the 
tangent plane along a closed curve L, O goes over into a 
point O* whose deviation from O characterizes the “torsion 
along L.” R;,(0) =0 is the mecessary and sufficient condition 
that M be without torsion. 

The idea of tangent plane further requires that the line 
elements of Tp issuing from O shall “coincide” with the line 
elements of M issuing from P; this correspondence must be 
a one-to-one affine representation. But having already re- 
quired imbedment of Oth order the method of accomplishing 
this imbedment of 1st order is fixed. The center O’ of Tp. 
arises by the displacement PP’ from a definite point 0; of Tp, 
and we let the line element OO; on T> correspond to the line 
element PP’ on M. For purposes of calculation it is, however, 
more convenient to consider the line element O/O’ on Tp. 
which arises from OO; by the displacement PP’. The 


£-coordinates of Of on Tp, are d&* = —u;*(0)dx', and conse- 
quently 
(2) dit = uf (0)dxi 


are the components of the line element 0/0,’ on Tp: or 00; 
on Tp. The condition that this linear relation between (dx) 
and (dé) be one-to-one reciprocal involves two requirements: 
(1) the dimensionality mof the tangent plane (which was until 
now arbitrary) must be the same as the dimensionality n of 
the manifold M, and (2) the determinant (0) If G 
contains the affine group, and we shall henceforth assume 
that it does, the coordinate system £* on Tp can be further 
adapted to the given coordinate system x‘ on M in such a 
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way that corresponding line elements shall have the same 
components: u#(0)=6¢. 

If G were the affine group the previous requirements would 
fully specify the normal coordinate system £* on Tp in its 
dependence on the coordinates x‘ chosen on M; but this is 
not the case if G is a more extensive group. That is, the 
“tangent plane” T> is not as yet uniquely determined by the 
nature of M, and so long as this is not accomplished we can 
not say that Cartan’s theory deals only with the manifold M. 
Conversely, the tangent plane in P in the ordinary sense, 
that is, the linear manifold of line elements in P, is a centered 
affine space; its group @ is not a matter of convention. 
This has always appeared to me to be a deficiency of the 
theory; I consider that above all, the infinitesimal-geometric 
researches of Eisenhart, Veblen, T. Y. Thomas, and others 
in Princetont have remedied this blemish for projective and 
conformal geometry. 

The connection between é and x, although not yet uniquely 
determined by the previous postulates, allows us to conclude 
the following: In the development 


= + + ---, 


the quantities Rj.(0) and Rg; in the point P are determined 
by the coordinates x‘ alone and transform on transformation 
of coordinates as tensors of order 3 and 4, of the kind indi- 
cated by the position of the indices. It is therefore an in- 
variantive restriction to require that our manifold be such 
that (1) it is without torsion and (2) DR vanish; we call 
such a manifold “special.” 

Let G@ be the projective group. We must then proceed to 
imbedment of second order in order that Tp be completely 


7 L. P. Eisenhart, Non-Riemannian Geometry, 1927. O. Veblen, Pro- 
jective tensors and connections, Proceedings of the National Academy, vol. 
14 (1928), p. 154; Conformal tensors and connections, ibid., vol. 14 (1928), 
p. 735. T. Y. Thomas, A projective theory of affinely connected manifolds, 
Mathematische Zeitschrift, vol. 25 (1926), p. 723. 


720 HERMANN WEYL [Sept.-Oct., 


determined by M. We consider, as an analog, the contact of 
two surfaces 


in (n+1)-dimensional space. Let 
f —f=atayxt t+ 


in the neighborhood of the origin. There is contact of Oth 
order (intersection) if a=0, of ist order (tangency) if in 
addition the linear terms are not present, a;=0, and finally 
contact of second order (osculation) if further all a vanish. 
I refer to the two surfaces as semi-osculating if in addition 
to a and a; the sum )>;a;;, the spur of the quadratic terms, 
vanishes. Analogously we demand that Tp not only be 
tangent to the manifold but further that it be semi-osculating. 
The name tangent plane is then misleading, but we shall use 
it instead of the more correct “projective semi-osculating 
plane” for the sake of brevity. The exact definition is as 
follows. Given an infinitesimal volume element V in P, say 
a parallelepipedon obtained from line elements in P which 
shall be infinitely small in comparison with PP’ =(dx‘). Let 
V’ be the “same” volume element in P’, that is, it shall be gen- 
erated from the line elements with the same components in 
P’; naturally this construction is dependent on the particular 
coordinate system employed. Because of the imbedment of 
order V coincides with a volume element V in O on Tp and 
V’ with one such in O’ on T>p-; this latter is obtained from 
an element V; in O; on Tp by the displacement PP’. We 
now require that V and V, have the same volume, measured 
in the coordinates — on Tp. 

It is again more convenient for the calculation to take V 
and V; over into V/, V’ on Tp. by means of the displacement 
PP’. The isomorphic representation which carries V’ into 
Vi is by definition simply (1)—taken for £’s which are in- 
finitely small compared to the dx‘. Consequently we write 


ue(t) = 62 + 
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and on introducing 
T'gidxt = 
we find 
log (V’/Vi) = log (Vi/V) = 


Our condition is that this trace shall vanish, and we assert 
that it can be fulfilled by appropriate choice of the projective 
coordinates £* on Tp. The previous requirements determine 
the £ except for a projective transformation of the type 


1+ 


which leaves the center unaltered and is the identity to terms 
of first order in the neighborhood of the center. The ratio 
of the measures of volume elements V and V in & and &, 
situated at (&*), is given by the functional determinant 

| 

— |= (é). 

For infinitely small £ this determinant is 


= 1 — (n+ 1) Drak’. 


Our volume V is at the point £=0, V; at £*=dx*, and con- 
sequently 


log (V;/V) = log (Vi/V) — (n + 1) Doaidxi 


from which we see that in order that V,;=V the a; can be 
chosen in one and only one way; a;=I%;. 

The projective coordinate system £ on Tp is now com- 
pletely specified by the coordinates x‘ on M. If we refer M 
to a new coordinate system Z‘ we shall have a new projective 
coordinate system £ on Tp. The projective transformation 
££ can be described by the facts (1) that it agrees in the 
neighborhood of the origin with the transformation x—Z in 
terms of first order about P and (2) that the functional de- 
terminant (EE) in 0 agrees with (x) in terms of 1st as well as 
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Oth, order. H. P. Robertson* pointed out in a short note 
that this relation is the decisive point in Veblen’s transfor- 
mation theory of projective space. What we do here, how- 
ever, is not simply connect the transformations of the — with 
those of x but rather we associate a projective & coordinate 
system on Tp with an individual x system on M. This 
possibility arises from the fact that we begin with the pro- 
jective connection and with its aid tie up the £ with the x, 
i.e. accomplish the complete imbedment of the tangent plane. 
But on the other hand the transformation of the & is deter- 
mined by the transformation of the x, as described above, 
without taking the given projective connection into account. 
Veblen’s procedure corresponds to this method: this relation 
between the two transformations is first obtained and the 
corresponding invariant theory of possible projective con- 
nections then developed. 

The introduction of n+1 homogeneous projective coordi- 
nates 7 by means of the equation £'=7‘/n° is for the present 
purely a matter of convenience. The formulas for the dis- 
placement expressed in terms of them have the form 


(3) = — dygn’, = 


(From now on Greek indices shall run from 0 to ” and Latin 
from 1 to 2.) Since only the ratios of the 7 are to be con- 
sidered we can and shall introduce the normalizing condition 
dy? =0. We then have I’,=6# and I;;=0. In the case of a 
special manifold (see above) we have furthermore the sym- 
metry condition ry:=T and the I’ with only Latin indices 
determine the remaining components. This leads to the 
theorem: Jf we allow only special manifolds the projective 
connection is determined uniquely by the geodesics. 


* H. P. Robertson, Note on projective coordinates, Proceedings of the 
National Academy, vol. 14 (1928), p. 153. 

+ See J. A. Schouten, Rendiconti di Palermo, vol. 50 (1926), pp. 142-169, 
in particular p. 158. I do not find that this work, which is closely related to 
our process, gives a clear account of the fact that the coordinates must be 
tied up with the x as described above. 


— 
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For the complete development of projective infinitesimal 
geometry we must, in my estimation, add three independent 
ideas to Cartan’s scheme; the first and most important of 
these consists in connecting the coordinates £ with the x by 
the requirement of “semi-osculation,” the second answers the 
question to what extent the geodesics determine the projec- 
tive connection by the invariantive “specialization.” The 
third idea, which I now consider, is due to T. Y. Thomas: it 
is possible to give the variables 7 themselves, and not only 
their ratios, a geometrical interpretation. The analytic ex- 
pression in coordinates n for any projective mapping which 
leaves O invariant, 


k k 


can be so normalized that the coefficient a? =1. This normal- 
ization is useful because it is not destroyed by composition: 
the group @» is replaced by the isomorphic group of affine 
transformations in +1 dimensions of the form (4). If the 
transition 7— 7 on Tp corresponds to the transition x—Z on 
M the transformation (4) can further be described as agreeing 
with the transformation of the differentials dx®, dx!,--- ,dx” 
in P when the additional coordinate x° transforms in accord- 
ance with the law 


(5) 7? — 


log 

We now have an (”+1)-dimensional manifold M* instead of 
M; each point of M is replaced by a filament of M* along 
which x!,---, x" are constant and only x° varies. By (5) 
the distance between points on the same filament, i.e. the 
difference of their x° coordinates, as well as the filaments 
themselves, have an invariantive significance. An (n+1)-di- 
mensional affine tangent plane, the domain of the variables 
n, is associated with each point of M*. The transformation of 
the 7, which is related to a transformation of the x on MW, is 
the same for all points on the same filament. Extending the 
by adding this means that the ratios 7°:y!: - - - 27” 
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of a point on the tangent plane are unaltered by displace- 
ment along the filament. The n-dimensional projective dis- 
placement on M* defined by 


(6) dn* = — dygn®, dyg 


is consequently invariantively determined by the projective 
displacement on M. 

We must next ask if this is also true for the (m+1)- 
dimensional affine displacement expressed by the same for- 
mulas; the answer is affirmative, because our normalization is 
so chosen that Ts, is symmetric in 8 and p. To show this, let 
Tz, be the projective connection of M evaluated in a new 
coordinate system #' in the manner described above, and let 
T's, be the components of the same affine connection on M* 
expressed in terms of the coordinates Z‘ in the manner indi- 
cated by (6) in terms of the x‘. Then the corresponding equa- 
tions (6) characterize the same projective connection, that is, 
Ty;, and F's, can differ only by a term of the form 6)\,. Now 
T as well as [ must be symmetric in the two lower indices and 


consequently 
= 


from which we obtain by the contraction a=p 
As = (n+ Ag = O. 


All that we have said here can be taken over mutatis 
mutandis to the conformal geometry. Here the equation 


(7) giudx'dx* = 0 


on M is fundamental. If g;. be the values of the coefficients 
in P then the conformal geometry on the homogeneous 
“tangent” plane 7°p is described by the equation g;,d&idé* = 0 
with constant coefficients g;,; the group © consists of all 
transformations of the £ which leave this equation invariant 
and consequently depends on the point P in question. The 
conformal displacement PP’ must be a transformation which 
takes the equation g;,d£‘dé =0 over into =0. Con- 
sequently this does not agree literally with the scheme de- 


| 
| 


= 
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veloped above—furthermore © does not contain the affine 
group (only the orthogonal one). We must expressly require 
that the coincidence of the line elements PP’ on M and OO! 
on Tp is a conformal, and not merely an affine, relation. 
(1) The requirement of semi-osculation is also here sufficient 
to tie up the conformal coordinate system £ uniquely with 
the x. (2) If the manifold is special the conformal connection 
is uniquely determined by equation (7). (3) The transition 
to homogeneous coordinates y, in which the conformal repre- 
sentation appears as a homogeneous linear transformation, 
is here accomplished, following Mobius, by 


These coordinates are subject to the relation 
gixn'n® + = 0. 

It is convenient for the purpose of calculation to normalize 
the coefficients gi, only the ratios of which are given, by the 
condition | gir | =1. This third and last step, which was 
carried through by Veblen in a recent paper, proceeds as 
before, but the result is more complicated since we have n+ 2 
variables 7, whereas Thomas’ extension gives but +1 co- 
ordinates x. Consequently we do not arrive at an affine con- 


nection on an (m+1)- or (7+2)-dimensional manifold 
invariantly related to the conformal connection on M. 


PRINCETON UNIVERSITY 
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HENRY BURCHARD FINE—IN MEMORIAM 


Dean Fine was one of the group of men who carried American mathe- 
matics forward from a state of approximate nullity to one verging on parity 
with the European nations. It already requires an effort of the imagination 
to realize the difficulties with which the men of his generation had to con- 
tend, the lack of encouragement, the lack of guidance, the lack of knowl- 
edge both of the problems and of the contemporary state of science, the 
overwhelming urge of environment in all other directions than the scientific 
one. But by comparing the present average state of affairs in this country 
with what can be seen in the most advanced parts of the world, and extra- 
polating backwards, we may reconstruct a picture which will help us to 
appreciate their qualities and achievements. 

Henry Burchard Fine was born in Chambersburg, Pennsylvania, Sep- 
tember 14th, 1858, the son of Lambert Suydam Fine and Mary Ely 
Burchard Fine. His father, a Presbyterian minister, died in 1869 leaving 
his widow with two sons and two daughters. Mrs. Fine lived with her 
children for a while at Ogdensburg, New York, and afterward at Winona. 
Minnesota, and in 1875 brought them to Princeton to complete their 
education. She was, by all accounts, a woman of great ability and force of 
character and launched all her children on honorable careers. 

Thus Fine’s early years were those of a country boy under pioneer 
conditions. He was always enthusiastic about the two great rivers, the 
St. Lawrence and the Mississippi, beside which he lived in those years and 
on which he learned to row. Rowing, by the way, was the only college sport 
in which he took an active part, though he was always keen on athletics 
and gave much time and energy to the direction of them up to the end of 
his life. During the years when I knew him he got much of his exercise on 
his bicycle, which he used both in going to and from his classes and for long 
rides in the country. 

He finished his preparation for college during his first year in Princeton 
and entered the College of New Jersey, as it was then called, in 1876. 
Throughout his college course he was ranked at the head of his class and he 
graduated with first honors in 1880. As an undergraduate he specialized in 
the Classics, which he expected to teach later on, and he also began the 
study of Sanskrit. Besides this he found time for a normal undergraduate’s 
interest in athletics, and played the flute in the college orchestra. He served 
for three years on the board of the college paper, the Princetonian, of which 
he was managing editor in his senior year. [t was in this connection that he 
formed a life-long friendship with Woodrow Wilson. 

The picture which one gets of his undergraduate years fits in completely 
with the impression which those of us got who knew him only in the last 
three decades of his life. We saw that he was widely read in literature and 
history, that he was fond of good music and active in bringing good concerts 
to Princeton, and that he took a keen interest in the games and the daily 
life of the undergraduates. 
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It seems that his adoption of mathematics as a career was largely due 
to George Bruce Halsted, that extraordinary enthusiast for non-euclidean 
geometry. Halsted had graduated from Princeton in 1875 and after study- 
ing under Sylvester at the Johns Hopkins, spent the years from 1878 to 81 
as “instructor in post-graduate mathematics” in Princeton. Halsted com- 
municated his enthusiasm to a little group of undergraduates and in particu- 
lar to Fine, who had a natural bent for questions of a logical order. 

On graduating, Fine was appointed Class of 1860 Fellow in Experi- 
mental Science. In this capacity he did a certain amount of experimental 
work and even published a paper, On the shadows obtained in the glow dis- 
charge, in the American Journal of Science, vol. 21 (1881) pp. 394-5, in 
collaboration with W. F. Magie who was subsequently Professor of Physics 
in Princeton. But Fine was never really interested in experimental work 
and in 1881 gladly accepted a position as Tutor in Mathematics, which he 
held until 1884. 

In March 1884 he and Magie sailed together for Germany. According 
to his own account, he knew very little German and almost no mathe- 
matics. Nevertheless he developed so rapidly that he obtained the Ph.D. 
in Leipzig in May, 1885. He used to tell how Klein advised him, in spite of 
his ignorance, to come into the advanced lectures, and assured him that he 
would be learning mathematics even if he did not seem to understand 
everything as it went along. Fine did so and after a few months was 
surprised, on looking back at his early notes, to find that the whole story 
was clear to him. The thesis subject first proposed by Klein (on enumer- 
ative geometry) turned out to be unsuitable and, with Klein’s consent, he 
changed to another subject suggested by Study. The latter, also a student 
of Klein’s, has remained one of Fine’s closest friends. After taking his 
degree, Fine spent the summer semester of 1885 in Berlin where he listened 
to Kronecker’s lectures on the theory of eliminations and was profoundly 
influenced by them. 

After this brief contact with the main current of mathematics, Fine 
returned to Princeton as an assistant professor, in which position he re- 
mained until 1889. During this period he published four papers in the 
American Journal of Mathematics. The first was his thesis, On the singulari- 
ties of curves of double curvature, vol. 8 (1886), p. 156-177. The second was 
an extension of the results of this paper to m dimensions, vol. 9, pp. 180-184. 
The other two were: On the functions defined by differential equations with an 
extension of the Puiseux polygon construction to these equations, vol. 11 (1889), 
pp. 317-328, and Singular solutions of ordinary differential equations, vol. 12 
(1890) pp. 295-322. 

He was married September 6, 1888 to Miss Philena Fobes of Syracuse, 
N. Y. In 1889 he was promoted to a full professorship and in 1898 was 
appointed Dod professor of mathematics. 

In the summer of 1891 he had another short period of study in Germany 
during which he became better acquainted with Kronecker. There is a 
reference to this in his charmingly written obituary notice of the latter, 
Kronecker and his arithmetical theory of the algebraic equation, Bulletin of the 
New York Mathematical Society, vol. 1 (1892), pp. 173-184. Fine remained 
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an admirer and student of Kronecker’s work throughout his life, as is 
witnessed by his important paper, An unpublished theorem of Kronecker 
respecting numerical equations, this Bulletin, vol. 20 (1914), pp. 339-358. 
This was Fine’s retiring address as President of the American Mathematical 
Society. 

From this time onward Fine’s mathematical activities were devoted 
more and more to teaching and to the logical exposition of elementary 
mathematics, though he always kept up an active interest in higher analy- 
sis, and indeed published a paper of some importance, On Newton’s method 
of approximation (Proceedings of the National Academy of Sciences, vol. 2, 
pp. 546-552) as late as 1917. 

His first book, The Number System of Algebra treated Theoretically and 
Historically (Boston and New York, Leach Shewell and Sanborn, 1891), 
was devoted in a single-minded way to the exposition of the logical founda- 
tions of analysis. It is still a very useful reference book on this subject. 
The subsequent books were all intended as text-books for undergraduates. 
They were A College Algebra (1905), Coordinate Geometry (with Henry 
Dallas Thompson) (1909) and Calculus (1927). Of these, the first and the 
last are the most successful and probably are not excelled by any other 
books in their respective fields from the point of view of accuracy of state- 
ment and the adequacy with which they represent the subject. They are 
admirably concise and free from unnecessary verbiage. In every case they 
had been printed or mimeographed in a preliminary form and used with 
classes for many years, and modified time and again as a result of this ex- 
perience, before they were published. 

In 1903 shortly after Woodrow Wilson became President of Princeton, 
Fine was made Dean of the Faculty and his energies were devoted chiefly 
to university administration. When Wilson resigned to become Governor 
of New Jersey in 1910, Fine carried the chief burden of the university 
administration for two years until another president was appointed. He 
then resigned as Dean of the Faculty but was induced to continue as Dean 
of the Departments of Science, which he did till his death. 

His firmness of character and wisdom in counsel made him the pre- 
eminent figure among his colleagues of the Princeton faculty up to the very 
end. He was the man to whom they turned more than to anyone else for 
leadership or advice, both in public and private affairs. These qualities 
were widely recognized outside Princeton, for he had more than one oppor- 
tunity to become a University President, and President Wilson made 
several efforts to induce him to take important posts in his administration. 
But as he said quite simply, he preferred to continue as a professor of 
mathematics. 

In 1905, when the Princeton faculty was being enlarged because of the 
institution of the preceptorial system, Fine was in a position to determine 
the character of the new personnel in the scientific departments. He used 
the opportunity so well as to bring about a development in these depart- 
ments which has had a vital effect on the scientific history of the whole 
country. To mention only a few instances in other departments than his 
own, which show the style of his choices, Fine was instrumental in calling or 
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in promoting Richardson in Physics, Russell in Astronomy, Hulitt in 
Chemistry, and Conklin in Biology. 

In his own department, the expansion of 1905 meant the promotion of 
Eisenhart and Gillespie to preceptorships and the calling in of Bliss, Veblen, 
and Young to the same rank, and Jeans toa professorship. When Bliss and 
Young were called away Birkhoff and Wedderburn were called in, and later 
Boutroux in succession to Birkhoff. Without cataloguing more names it 
can be said that Fine’s department has had the services of a considerable 
proportion of the best mathematicians of America during this period. In 
every case these men were called in before they became well known, at the 
time when this recognition meant the most to them. Though many of 
them stayed only a few years their contact with Fine and his group was 
important both to them and in the continuing growth of this group as an 
organism. No doubt this organism has had a greater influence on the 
mathematical enterprise in general because its constituents have changed 
rather rapidly. 

In Fine’s last years he was able to seize another opportunity for the 
advancement of science. Largely because of the confidence which he in- 
spired, the General Education Board offered Princeton University a million 
dollars for research in pure science on condition that the University raise 
two additional millions for the same purpose. The fund was completed in 
1928, chiefly by the contributions of Mr. Thomas D. Jones, a life-iong 
friend of Fine’s. Mr. Jones graduated from Princeton in 1876 before Fine 
entered, but they became acquainted and learned each others qualities 
during Wilson’s administration as President of Princeton while Mr. Jones 
was one of the Trustees. This friendship is commemorated by the Henry B. 
Fine Professorship of Mathematics founded by Mr. Jones, and the Thomas 
D. Jones Professorship of Mathematical Physics founded by Miss Gwetha- 
lyn Jones. As a further memorial, Mr. Jones and his niece are giving a 
building for the department of mathematics which is to bear the name of 
Fine. 

Fine was one of the founders of the American Mathematical Society. 
In January 1891, Professor T. S. Fiske as secretary of the New York 
Mathematical Society wrote to six prominent mathematicians asking their 
cooperation in enlarging the scope of this society and thus enabling it to 
publish a Bulletin. Of these six, Fine and Woolsey Johnson promised un- 
qualified support. With this, and the somewhat less definite backing of the 
others, Fiske and his colleagues went ahead with another appeal to a wider 
circle of mathematicians. The first number of the Bulletin of the New York 
Mathematical Society appeared before the end of the same year. It records 
(p. 54) that Fine was appointed to fill a vacancy on the Council of the 
Society at the October meeting in 1891. The name of the Society was 
changed to the American Mathematical Society in 1894 and the first num- 
ber of the present Bulletin was issued in the Autumn of that year. Fine was 
elected a member of the Council of the reorganized society at its first 
Annual Meeting in December 1894. He was President in 1911 and 1912. 

In the latter part of his life Fine had to suffer the loss of two of his 
children and of his wife, who died in April, 1928. His own death was the 
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result of an accident. In the evening of December 21, 1928, he was riding 
his bicycle on a road in the outskirts of Princeton and was struck from 
behind by an automobile, the driver of which failed to see in the uncertain 
evening light that he was starting to make a left turn. He died early the 
next morning without having recovered consciousness. 

The last time I saw him was in Princeton in August 1928 just after his 
return from a trip to Europe in which he had revisited old scenes and old 
friends and had recovered to some extent, in the distractions of travel, from 
his personal sorrows. He looked strong and well and seemed to have many 
years of activity before him. He spoke with humorous appreciation of the 
change he had observed in the attitude of European mathematicians toward 
their American colleagues and with pride of the esteem in which he had 
found his own department to be held. But most of our talk was of the 
future. 

Shortly after this I was myself in Europe and met some of those who 
had seen and conversed with him on his last trip, most of them younger 
men who had met him for the first time. They all spoke of his charm of 
manner and the impression they had gained of a man of serene strength and 
poise and wisdom. It was a striking testimony to the way in which a man’s 
character can be written into his appearance and manner by a long and 
strenuous life. 

OswaLpb VEBLEN 
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DE VRIES ON FOUR DIMENSIONS 


Die vierte Dimension, eine Einfiihrung in das Vergleichende Studium der 
Verschiedenen Geometrien. By Dr. H. K. de Vries. Translated into 
German from the second Dutch edition by Frau Dr. Ruth Struik. 
Wissenschaft und Hypothese, XXIX, Leipzig and Berlin, Teubner, 
1926. ix+167 pp. 

Although there is no mention of non-euclidean geometry in the title, 
nor even on the title-page, nearly half of the book is devoted to it. In fact, 
we have here two books put together under the title of the first. The books 
are independent: either could have been put first or published alone. Only 
in one place in the second (pages 139-141) is there introduced a little of 
the geometry of four dimensions, and at the very end there is an outline 
of the rise of this geometry, a little more than two pages, that might have 
been put at the end of the first part. 

The treatment of the book is not strictly mathematical. We have rather 
a popular exposition, although considerable mathematical detail is sug- 
gested in the explanations, giving some idea of the way in which these sub- 
jects have been developed as well as the mere results of their development. 

A small book, not too condensed, must leave out many things. Thus we 
find nothing about hyperprisms, hyperpyramids, hypercylinders, and 
hypercones, and nothing about hypervolume. Some might have chosen 
these and given only a paragraph to the regular polytopes or hypersolids. 
Many details of the non-euclidean geometry are presented very briefly. 
But the choice of material is in general excellent, and the book is well 
planned to impart some knowledge of these two branches of mathematics. 

In both parts of the book much is said about the historical develop- 
ment of the subjects considered, about their usefulness, and about the frame 
of mind in which the reader should study them, and many interesting 
remarks are thrown in. Thus of the value of extending the chain of dimen- 
sions beyond the third we are told (page 22) that the notion of value is in 
high degree relative, and what is of inestimable value for one man leaves 
another entirely cold. But for the mathematician and for everyone who 
has an interest in scientific thought, it is of great value to know that a four 
or five or m dimensional geometry is possible, and the mathematician will 
not be satisfied to know that it is possible, but will want to know more 
exactly about it, as always when a new field of investigation appears. 

At the beginning the relations of the simpler elements, lines, planes, 
and hyperplanes, their determinations and intersections, parallelism and 
perpendicularity, and the various kinds of angles formed by them, are gone 
into very thoroughly and carefully, and this study is the best sort of 
preparation even for a superficial understanding of the more complicated 
figures and relations of hyperspace. 

The notion of point-value of a space is most helpful, for the dimension- 
number d is 1 less than w, the number of points necessary to determine 
a given space, and some formulas are obtained more easily by consider- 
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ing w. Thus two spaces, Ra, and Rz,, having in common a space Raj», 
determine a space Ry, the point-values of these spaces being connected by 
the relation w=w,-+w2—wy and therefore their dimension-numbers by the 
relation d =d,+d2—dy, which may also be used to determine the dimension 
of the intersection of two given spaces lying in and determining another 
given space. After this formula has been applied to spaces in R; and in Rg, it 
is suggested that the reader experiment with R; andRz, and then we are told 
(page 35) that he will not be able to suppress the feeling of having extended 
very widely his horizon, and that this is the reward for the striving 
necessary at the beginning. 

Turning to the second part, the non-euclidean geometry, we find the 
quadrilateral of Saccheri and his three hypotheses taken as the starting- 
point, with a brief indication of the results to which these three hypotheses 
lead. There is also an account of the way in which the hyperbolic and 
elliptic geometries are represented as the geometries on the pseudo-sphere 
and sphere, and by projection on a plane. The boundary-curve or horocycle, 
and the equidistant-curve are described (page 150) as new figures of hyper- 
bolic geometry, and the polar relation of lines and points and of planes 
and points in the elliptic geometry (page 130), while the two kinds of 
elliptic geometry, the double and simple elliptic geometries, are mentioned 
(page 133). But the treatment of all of these details is very brief. 

We close with an outline of the contents of this book. 

After an introduction of about three pages we have Part First, euclidean 
geometry of several dimensions [chiefly of four dimensions], pages 4-92, 
and Part Second, non-euclidean geometry, pages 92-165. 

The first part may be divided roughly as follows: 

Points, lines, planes, and spaces, their intersections, point-values, etc., 
pages 4-35. 

Infinitely distant elements and parallelism, pages 35-45. 

Perpendicularity and rotation, the hypersphere, pages 45-59. 

Angles, the number of angles between two spaces, the two angles be- 
tween two planes, pages 60-77. 

The regular polytopes, pages 77-92. 

An outline of the second part, with some changes in order, will be: 

The postulates of Euclid and the three hypotheses of Saccheri, pages 
92-112. 

The sum of the angies of a triangle and its area, pages 112-116, 153-161. 

Euclidean geometry, pages 116-120. 

Hyperbolic geometry, pages 120-125, 145-153. 

Elliptic geometry, pages 125-134. 

Geometrical representations, pages 134-145, 161-163. 

And finally, a historical paragraph in regard to geometry of m dimen- 
sions, pages 163-165. 

H. P. MANNING 
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PICARD ON PARTIAL DIFFERENTIAL EQUATIONS 


Legons sur quelques Types Simples d’ Equations aux Dérivées Partielles avec 
des Applications 4 la Physique Mathématique. By Emile Picard. Paris, 
Gauthier-Villars, 1927. i+-214 pp. 

This book forms the first volume of a new mathematical series, Cahiers 
Scientifiques, edited by G. Julia. From the preface to volume 3 of the series, 
one learns with regret that Picard has abandoned the project of completing 
volume 4 of his Traité d’ Analyse, which was to give the theory of partial 
differential equations. Instead, the subject matter of this volume will 
be presented in several volumes of Cahiers Scientifiques. The book under 
review contains lectures given at the Sorbonne in 1907 and repeated, with 
some additions, in 1925. 

The first four lectures deal with the simplest and best known of the 
equations of parabolic type, namely Fourier’s equation 


0u/dx = 


Lecture 1 begins with the existence theorem, shows that non-analytic 
solutions are possible for analytic initial data, and derives Fredholm’s 
example of a power series whose circle of convergence is a natural boundary. 
Lecture 2 derives the fundamental solution, shows how this is used to 
solve the boundary problem u=f(x) for t=0, and as an application gives 
Weierstrass’ original proof of his theorem on the approximation to a 
continuous function by polynomials. Lecture 3 applies the preceding results 
to various boundary problems in heat conduction, and Lecture 4 gives an 
account of Lord Kelvin’s investigation of the propagation of an electric 
current along a cable. 

Lectures 5 to 11 deal with various aspects of the theory of integral equa- 
tions. In Lecture 5, a brief account of the Fourier integral is given and 
applied to an integral equation which was set up in Lecture 3. Lecture 6 
deals with the properties of the integrals 


f cos xyo(y)dy and e-*¥6(y)dy 
0 0 


considered as functions of x. In Lecture 7, an integral equation of the first 
kind is set up for the solution of Dirichlet’s problem (in two dimensions) 
by a potential of a single layer on the boundary curve, and the main results 
of Fredholm on integral equations of the second kind are enumerated. 

In Lecture 8, the singular integral equations of the second kind 


F(x) + rf cos = (x) 
0 
and 
f(x) + rf e~ = 


= 
= 
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are briefly considered. Lecture 9 deals with the integral 
1 f(z)dz 


where f(z) is defined only on the closed curve C (so that f(z) is not necessarily 
analytic), and the principal value of the integral, when x approaches C, 
is defined. Lecture 10 raises the question of the necessary and sufficient 
condition to be imposed on f(z) on C in order that the above integral shall 
be an analytic function (which is then =f(x) by Cauchy’s formula). The 
condition is 


dz 


1 
f(x) =— Princ. val. 
xi 


for every x on C. Lecture 11 applies the principal values to the solution 
of Riemann’s problem of finding two analytic functions one regular inside 
C and the other outside, such that their ratio shall take prescribed values 
on C. Hilbert’s problem of determining an analytic f(z) =u(x, y) +7 o(x, ¥) 
such that au-+bv+c=0 on C, where a, b, and ¢ are functions of position 
on C, is also considered, and the lecture closes with a discussion of the 
tangential derivative of a single layer potential. With Lecture 12, the 
author returns to partial differential equations and gives a brief survey of 
Cauchy’s problem and the theory of characteristics. Lectures 13 to 16 
deal mainly with linear equations of the hyperbolic type, and the method of 
successive approximations is used to solve the following boundary problems: 
(1) the values of u are given on two characteristics; (2) u and one of its 
first derivatives are given along a curve which is not a characteristic 
(Cauchy’s problem); (3) u is given on a characteristic and also on a non- 
characteristic; (4) « given on two non-characteristics. In Lectures 17 
and 18, the problems of Lectures 13 to 16 are treated by Riemann’s in- 
tegration method. This method is applied to the equation of a vibrating 
string and to the telegraph equation in Lecture 19. Lecture 20 introduces a 
method due to Poincaré for the telegraph equation, and this gives occasion 
for some remarks on integral equations of the first kind, particularly that 
of Abel. 

The author now passes to linear equations of the second order and 
elliptic type. Lecture 21 gives the proof of the analyticity of the solutions 
of the general second-order equation of the elliptic type, and Lecture 22 
presents some results on the rather delicate question of the existence of 
the normal derivative of the solution. Lecture 23, which is rather loosely 
connected with the preceding ones, finally gives some properties of the 
spherical potential of Boussinesq. 

Many results and still more proofs in this book are new, and the ex- 
position has all the qualities of lucidity and elegance which one is accus- 
tomed to expect from its distinguished author. 

T. H. GRONWALL 
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Applications of the Theory of Elliptic Functions to the Theory of Numbers. 
By P. S. Nazimoff. Translated from the Russian by Arnold E. Ross. 
Mimeographed by O. E. Brown. Evanston, 1928. 146 pp. 


The original of this remarkable book was presented as a magister thesis 
in Russia and was printed in Russian at Moscow in 1884. Abstracts of 
certain parts of it were published shortly after its Russian appearance, both 
in the Fortschritte and in a prominent French journal. Neither abstract 
did the book justice. That this assertion of fact is so can be seen from the 
following. Had an adequate account of the contents of this book appeared 
at the time of its publication, much later work in the theory of numbers of 
representations of integers in special quadratic forms need never have been 
published. For example, in 1914, Bulyguin, using the methods of the first 
few chapters of Nazimoff’s book, gave a complete solution, by compara- 
tively elementary means, of the determination of the numbers of repre- 
sentations of integers as sums of any even"number of squares. This work 
itself, like the neglected Nazimoff’s, seems to have escaped the notice of 
the professional abstractors. As late as 1919, G. Humbert, in a letter to the 
present reviewer, inquired what had become of this most remarkable work 
of Bulyguin; it was already in print. Episodes such as this but emphasize 
the lamentable ignorance under which most of us labor concerning Russian 
work in the theory of numbers. Reverting for a moment to the question of 
representations as a sum of an even number of squares, we may state that 
many recent and elaborate investigations were out of date before they were 
printed, on account of the work of the neglected Russian school. 

In the present translation only those parts of Nazimoff’s book have 
been presented that contain matter which was original at the time of publi- 
cation and a great part of which, in the light of the above remarks, is still 
as fresh as it was when published. The title sufficiently describes the con- 
tents of the work. Nazimoff made the first systematic attempt to obtain 
everything arithmetical that is implicit in the theory of elliptic functions. 
That such a vast undertaking appears only rough hewn in the final product, 
is not to the author’s discredit. Precisely where his work is least finished 
is the place where it is most suggestive. The problem of discovering every- 
thing that is implied for the theory of numbers by the multiply periodic 
functions is a well-put and solvable one; this book took the first significant 
step toward a solution. It is worthy of the attention of all those interested 
in the algebraic applications of analysis to the theory of numbers—which is 
quite a different thing from the analytic theory of numbers. 

For those interested, the general problem which will be suggested by a 
reading of pages 138-144 of the present translation, is worthy of the closest 
attention. A complete solution of the obviously implied problem, extended 
to functions of any number of variables, contains the solution of any 
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arithmetical problem whatever that is solvable by the application of 
algebraic functions of elliptic theta functions. 

The translation was made from what is apparently the unique copy of 
this book in the United States. The translators wish it to be stated that 
copies can be purchased only at the University of Chicago Book Store, 
5802 Ellis Ave., Chicago, and that the price is $3.00. The 146 pages of 
mimeographing are, on the whole, clearly done; the book is substantially 
bound in a stiff paper cover and, as such work goes, is of a very high quality. 
It is to be hoped that this translation will at last make Nazimoff’s pene- 
trating ideas familiar to those who either do not read Russian or who are 
content to accept second hand abstracts from those who also do not read 
Russian. 

E. T. BELL 


The new Quantum Mechanics. By G. Birtwistle. Cambridge University 
Press, 1928. xiii+290 pp. 


This book contains an exposition of the theories of Heisenberg, Schré- 
dinger and Dirac, with applications mainly to the theory of spectra. There 
are also chapters on de Broglie’s particle waves, and the Bose-Einstein and 
Fermi-Dirac statistics. The closing chapter deals with Heisenberg’s in- 
determination relations and the formulation given to them by Bohr in his 
article in Nature, April 1928 (and communicated to the author before 
publication; the author’s preface is dated Copenhagen, 1 Oct. 1927). 

The book contains a great deal of information on the main develop- 
ments in quantum theory up to the latter part of 1927, and is convenient 
for reference; on the other hand, owing perhaps to lack of time, the pre- 
sentation is uncritical, so that the book cannot replace the study of the 
original memoirs. T. H. GRONWALL 


Traité d’ Analyse, volume 3, third edition. By Emile Picard. Paris, Gau- 
thier-Villars, 1928. ix-+660 pp. 


This is a reprint of the second edition, with additional notes on pp. 601- 
656. Although no review of previous editions has appeared in the Bulletin, 
the Traité is so well known and so highly appreciated by the mathematical 
public, that it seems superfluous to describe the contents of the main body 
of the volume. The additions to the new edition are as follows: (1) a note on 
Sundman’s work on the problem of three bodies (reprinted from Bulletin 
des Sciences Mathématiques, 1913, pp. 313-320) ;(2)a lecture onintegral in- 
variants and Poisson stability (from the author’s course at the Sorbonne in 
1914, printed here for the first time); (3) remarks on some of Poincaré’s 
results in analytical mechanics (Bulletin des Sciences Mathématiques, 1914, 
pp. 320-236); (4) on the solution of Au=e* on a closed Riemann surface 
(Journal fiir Mathematik, vol. 150) ;(5) onlinear partial differential equations 
and the generalization of Dirichlet’s problem (proof of the analyticity of the 
solution for a second-order equation of the elliptic type, reprinted from 
Acta Mathematica, vol. 25 (1901), pp. 121-137). 

T. H. GronwaLi 
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Vorlesungen iiber Darstellende Geometrie. By Dr. Emil Miiller. II. Band: 
Die Zyklographie. Edited from the manuscript by Dr. Josef Leopold 
Krames. Leipzig and Vienna, Franz Deuticke, 1929. ix+476 pp. 


The third edition of the second volume of Dr. Miiller’s text and the 
first volume of his lectures were reviewed by the present reviewer in this 
Bulletin in 1923 (vol. 29, pp. 478-479). The first volume of the lectures 
was in the name of Dr. Miiller and Dr. Erwin Kruppa. 

Dr. Krames states in the introduction that the late Dr. Miiller entrusted 
to him the editing of the manuscript for this second volume, only part of 
which was then in form for publication. 

This book contains a more extensive use of the orientation of circles 
than had previously been made by Fiedler. In fact, the authors’ funda- 
mental operations are with orientated circles, (Zykeln), orientated straight 
lines (Speeren), and orientated curves (Richtungskurven). Their use of 
these terms is in harmony with that of Ed. Laguerre. 

The ten chapters deal with the “zyklographic” representation of points, 
straight lines, planes, curves, and nets of curves, and surfaces and with 
contact transformations, etc. Special attention is directed to the chapter on 
“C-Geometrie” (parabolic pseudo geometry). 

We are endebted to Dr. Krames for his skill in editing this unfinished 
manuscript—the last contribution of a talented and industrious worker in 
the field of descriptive geometry. 

E. B. CowLey 


Repertorium der Héheren Mathematik. By E. Pascal. Second edition: 
first volume, Analysis; second section. Edited by E. Salkowski. Leipzig, 
B. G. Teubner, 1927. Pp. v—xii and 529-1023. 


Parts of the second edition of the Pascal Repertorium have been re- 
viewed, upon their appearance, in this Bulletin, and the outstanding 
features of the work have been fully discussed. It is therefore unnecessary 
to make very detailed comments on the present section. Reference is 
made to the Bulletin: vol. 19, pp. 372-374, and vol. 29, p. 373. 

Approximately two-thirds of this second section of the first volume is 
devoted to the theory of analytic functions in its classical ramifications, 
and a good exposition is given of both the Weierstrassian and Riemannian 
points of view. A relatively large portion of the space thus reserved for 
function theory is assigned to the automorphic functions and the elliptic 
modular functions. The remainder of the book offers a brief treatment of 
fundamental! concepts and methods in (1) the theory of differential and 
difference equations, and that of differential forms, (2) the theory of con- 
tinuous transformation groups, and of contact transformations, and (3) 
the calculus of variations. Contributors to the section are: A. Guldberg of 
Oslo, Ernesto Pascal of Naples, F. Engel of Giessen, Hans Hahn of Vienna, 
Gustav Doetsch of Stuttgart, E. Jahnke and A. Barneck of Berlin, H. W. E. 
Jung of Halle, and R. Fricke of Braunschweig. 

In conformity with the general plan of the undertaking, the present 
section, like its predecessors in the second edition, attains a definitely 
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higher degree of readability than one has hitherto been accustomed to 
expect in professedly encyclopedic summaries of mathematical science. 
Although proofs are, of necessity, frequently omitted, theorems are stated 
with clearness and accuracy, and in well-arranged sequence. References to 
the literature, while by no means exhaustive, will in most cases provide 
ample orientation for those who wish to undertake specialized studies. 

By reason of the arrangement of the material and the style of exposition, 
it is probable that most mathematicians will find in this section of the 
Repertorium not only appreciable stimulation but also a measure of down- 
right enjoyment. 

L. S. Hitt 


Tables of Damped Vibrations. By W. E. Milne. University of Oregon 
Publication. Mathematics Series. Vol. 1, No. 1, March 1929. 39 pp. 


In an earlier paper entitled Damped vibrations. General theory togetheT 
with solutions of important special cases, dated August, 1923, the author gave 
fairly extensive tables covering the case in which the damping is propor- 
tional to the square of the velocity, and short tables applicable to the more 
general situation in which the resistance function is of the form 
R=v(B+Dv), where v is the velocity and B and D are positive constants. 
The sign to be taken is the same as that of v. 

The objects of the present paper are (a) to furnish more extensive tables 
for the solution of the problem of oscillations with a resistance function of 
the type cited and (b) to supply additional tables applicable to the case 
where the term involving v? does not change sign when the sense of the 
motion reverses. A concrete application of case (b) is afforded by the 
oscillation of water in the hydraulic surge chamber. 

The fourteen tables,—all of four decimal places,—are preceded by useful 
preparatory paragraphs on the “Scope of Application, The Hydraulic Surge 
Chamber, Interpolation and Method of Computation.” In the first of these 
attention is called to the fact that, in many cases, the binomial resistance 
function quoted above may represent experimental data as satisfactorily 
as the conventional relation R=Cv™. In particular, when m lies between 
1 and 2, (as is often the case in practice), it is shown that it is possible to 
determine B and D in such a manner as to make the error incurred by using 
the easily calculable binomial in place of the mth power monomial re- 
sistance formula of no greater importance than the other uncertainties 
inherent in the problem. For illustration, the “standard error” attains its 
greatest magnitude of about 0.0082 when 1.4 is the value of m. Since the 
tables furnish solutions of differential equations which cannot be solved in 
terms of known functions they will be welcomed by mathematicians, 
physicists, and engineers when problems of damped oscillations arise in 
their investigations and demand numerical solution. The computation of 
the tables was aided materially by a liberal grant of funds from the National 
Academy of Sciences. 

H. S. UBLER 
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Exercices d’Analyse, vol. 1. By Gaston Julia (edited by René Harmegnies 
and Roger Julia). Paris, Gauthier-Villars, 1928. vii+454 pp. 

This book is a worthy descendent of a long line of French Exercices sur le 
calcul infinitésimal. Such collections of problems are intended primarily 
for the students who prepare themselves for the licence or the agrégation 
and contain problems of the type set in these examinations. A thorough 
knowledge of the theory is expected as well as skill in calculation and the 
training is directed towards developing both qualities in the students. 

The present book contains a small number of carefully chosen problems, 
each problem followed by one or more complete solutions. About two-thirds 
of the first volume is devoted to the applications of analysis to geometry. 
An admirable account of the theory of Fourier series (pp. 120-190) is 
eminently suitable as outside reading for first year graduate students. This 
part of the book will probably be found the most useful one to the general 
mathematical public outside of France. The printing is good, but when will 
MM. Gauthier-Villars return to the use of good paper in their books? 

Ernar 


A History of Physics. Revised and enlarged edition. By Florian Cajori. 

New York, Macmillan, 1929. 

The first edition of this book gave in 285 pages a concise yet detailed 
account of the important phases of the development of physics from ancient 
times to the time of publication in 1899. While many additions and altera- 
tions have been made, the new edition is substantially the same as the old 
so far as this part of the work is concerned. The important change in the 
second edition is due mainly to the excellent summary, covering about 
100 pages, of the development of physics during the first twenty-eight years 
of the twentieth century. 

The method of presentation adopted in the first edition, that is, the 
arrangement of the material by periods, and within a period according to 
the well known sub-divisions of physics, has been retained. In this con- 
nection it is interesting to note the space allotted to different periods. Thus 
ancient civilizations are given 22 pages; the Middle Ages and the Renais- 
sance 32 pages; the seventeenth and eighteenth centuries 83 pages; the 
nineteenth century 147 pages; and the first quarter of the twentieth century, 
116 pages. Taking this distribution as a fair measure of the progress of 
physics during these periods and taking into account the length of each 
period, we find that the increase of our knowledge in physics has followed 
practically an exponential curve, indicating that our knowledge of the 
physical world is not only not tending to a saturation value, but its rate of 
increase is rising with time. 

One of the commendable features of the book consists in the numerous 
references to original sources. 

Professor Cajori has earned the gratitude of scientists by his works on 
the history of science. H. M. DapourIan 
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NOTES 


By invitation of the Program Committees, several addresses will be 
delivered at meetings of the Society during the Fall, as follows: 

At New York City, October 26, 1929, by Professor Tomlinson Fort, on 
The general theory of factorial series. 

At Ann Arbor, November 29, 1929, by Professor Tomlinson Fort, on 
The general theory of factorial series; and by Professor L. M. Graves, on 
Discontinuous solutions in the calculus of variations. 

At Pasadena, November 29, 1929, by Professor M. W. Haskell, on 
Autopolar configurations in two and in three dimensions. 


At the Annual Meeting of the Society, to be held at Lehigh University, 
Bethlehem, Pennsylvania, on December 27—28, 1929, both the morning and 
the afternoon of Saturday will be devoted to a symposium on the general 
topic, The differential equations of engineering. By invitation of the Program 
Committee, addresses will be given by Professor H. W. March, The Univer- 
sity of Wisconsin, on The problem of diffusion; by Professor Vannevar Bush, 
The Massachusetts Institute of Technology, on Integraphs for differential 
equations; by Dr. T. H. Gronwall, Columbia University, on Numerical 
integration of differential equations; by Dr. Ing. A. Nadai, The Westing- 
house Electric and Manufacturing Company (formerly Professor of Applied 
Mathematics, University of Goettingen), on Plasticity and related problems 
of non-rigid bodies; by Mr. R. H. Park, Engineering Department, The 
General Electric Company, on Analytic determination of flux plots; by Pro- 
fessor S. Timoshenko, The University of Michigan (formerly with the 
Westinghouse Company), on Problems in elasticity. Professor Tomlinson 
Fort is chairman of the Committee on Arrangements. 


At the meeting of the Society at Des Moines, Iowa, in conjunction with 
the meetings of the American Association for the Advancement of Science 
and of the Mathematical Association of America, on December 30-31, 1929, 
Professor L. L. Dines will give an address on Linear inequalities and some 
related properties of functions before the joint meeting of the Society and 
the Mathematical Association; and Professor O. D. Kellogg will give an 
address on An unsolved problem of uniqueness in potential theory. The 
annual Josiah Willard Gibbs address by Professor Irving Fisher on Ap- 
plications of mathematics to the social sciences, will be held on Tuesday, 
December 31. A special announcement concerning this meeting will be 
issued. 


At the meeting in New York City, February 21, 1930, by invitation of 
the Program Committee, Mr. E. C. Molina will give an address on The 
theory of probabilities. 


The Colloquium Editorial Committee wishes to call attention to the 
fact that in addition to the Colloquium Lectures delivered before the 
Society, it is in a position to print a few other volumes. Authors are invited 
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to submit manuscripts. For further information, see page 100 of volume 32 
of this Bulletin. 


A new volume of the Colloquium Series, Coble’s Algebraic Geometry 
and Theta Functions, has appeared and may be obtained through the New 
York Office of the Society. The edition of Veblen’s Analysis Situs (Cam- 
bridge Colloquium, Part II) being exhausted, a new edition will be pre- 
pared and will probably appear in 1930. 


The tercentenary of the birth of Christiaan Huygens was celebrated 
at Leiden in April, 1929, under the auspices of the Royal Academy of 
Sciences and the Senate of the University of Leiden. 


On June 29, 1929, the Berlin Physical Society celebrated the fortieth 
anniversary of Professor Max Planck’s entrance into scientific work. That 
Society has created a medal in his honor, to be awarded for distinguished 
work in mathematical physics (see this Bulletin, vol. 34, p. 792). On this 
occasion Professor Planck presented the first cast of this medal to Professor 
Albert Einstein, emphasizing particularly his influence on the development 
of the quantum theory. 


The Alfred Ackermann-Teubner memorial prize for 1928 has been 
awa-ded to Professor Albert Defant, director of the Institut fiir Meeres- 
kunde, Berlin, for his work collected and published in Das Zeitenproblem 
des Meeres in Landesnéhe, Hamburg, 1925. 


The Adams prize of Cambridge University for 1927-28 has been 
awarded to Professor Sydney Chapman, of the Imperial College of Science 
Technology, London, for a memoir on the announced subject The variations 
in the earth's magnetic field in relation to electric phenomena in the upper 
atmosphere and on the earth. The Sudbury Hardyman prize of Emmanuel 
College, Cambridge, has been awarded to A. H. Wilson, for a dissertation 
on Quantum mechanics. 


The medal of the class of 1889, Columbia University, has been awarded 
to Dr. Irving Langmuir, of the General Electric Company, for “dis- 
tinguished achievement in improving the incandescent electric light.” 


Professor Frank Schlesinger, of Yale University, has been awarded the 
Bruce medal of the Astronomical Society of the Pacific. 


On the occasion of the Abel centennary celebration, the University of 
Oslo conferred honorary degrees on the following mathematicians, in 
addition to those listed in the last issue of this Bulletin (pp. 583-584): Pro- 
fessors L. E. J, Brouwer of Amsterdam, Friedrich Engel of Giessen, Rudolph 
Fueter of Ziirich, Kurt Hensel of Marburg, Christian Juel of Copenhagen, 
Edmund Landau of Gottingen, E. L. Lindeléf of Helsingfors, L. E. Phrag- 
mén of Stockholm, Salvatore Pincherle of Bologna, Teiji Takagi of Tokyo, 
Charles de la Vallée-Poussin of Louvain, Oswald Veblen of Princeton, and 
Hermann Wey] of Ziirich. 
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Professor Jules Drach, of the Sorbonne, has been elected a member of 
the Paris Academy of Sciences in the section of mechanics, as successor to 
the late Professor J. Boussinesq. 


The Royal Academy dei Lincei has elected Professor G. Peano (Turin) 
national member; Professors G. D. Birkhoff (Cambridge, Mass.), C. 
Carathéodory (Munich), A. Sommerfeld (Munich) foreign associates. 


The Accademia Pontificia in Rome has elected Father G. Boccardi 
(retired professor of the University of Turin) and Professor E. Pistolesi, 
of the University of Pisa, ordinary members, and Professor T. Levi-Civita, 
of the University of Rome, corresponding member. 


Associate Professors L. Brusotti and F. Cecioni, of the University of 
Pisa, G. Giorgi, of the University of Cagliari, G. Marletta, of the U niversity 
of Catania, and E. G. Togliatti, of the University of Genoa, have been 
promoted to professorships. 


The University of Paris has conferred an honorary doctorate on 
Professor Albert Einstein. 


Professor Leon Lichtenstein, of the University of Leipzig, has been 
elected a member of the Polish Academy of Sciences, Cracow. 


Professor I. Schur, of the University of Berlin, has been elected a 
corresponding member of the Leningrad Academy of Sciences. 


The University of Glasgow has conferred an honorary doctorate on 
Professor H. S. Carslaw, of the University of Sydney and Emmanuel 
College, Cambridge. 


Cambridge University has conferred honorary doctorates on Professor 
Paul Langevin and Sir Frank Dyson. 


Dr. Irving Langmuir, of the General Electric Company, has received 
an honorary doctorate from the Charlottenburg Technical School. 


Among the recent elections to the National Academy of Sciences are 
the following: Dr. C. J. Davisson, of the Bell Telephone Laboratories; 
Professor Bergen Davis, of Columbia University; Professor William Hov- 
gaard, of the Massachusetts Institute of Technology. 


The following have been elected to the American Academy of Arts and 
Sciences: fellows, Professors Marston Morse and J. L. Walsh, of Harvard 
University; foreign honorary members, Professors V. F. K. Bjerknes, of 
the University of Oslo, Ludwig Prandtl, of the University of Géttingen, 
Willem de Sitter, of the University of Leiden, and Hermann Weyl, of the 
Zurich Technical School. 

Honorary doctorates have been conferred on Professor A. H. Compton, 
of the University of Chicago, by Yale University, and by Ohio State 
University. 

The University of Michigan has conferred the honorary degree of doctor 
of laws on Professor R. A. Millikan, of the California Institute of Tech- 
nology. 
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Columbia University has conferred an honorary degree on Dr. G. A. 
Plimpton, trustee of Barnard College, known to mathematicians for his 
collections of mediaeval mathematical works. 


Harvard University has conferred an honorary doctorate on Professor 
H. N. Russell, of Princeton. 


Swarthmore College has conferred an honorary doctorate on Dr. 
W. F. G. Swann, director of the Bartol Foundation of the Franklin Insti- 
tute. 


Guggenheim fellowships for 1929 have been awarded to the following 
persons: Dr. Dinsmore Alter, professor of astronomy, University of Kan- 
sas, for research on the application of statistical methods to meteorological 
and astronomical problems; Dr. O. S. Duffenbach, assistant professor of 
physics, University of Michigan, for an investigation of molecular impact 
phenomena in gases and the relation of these to the excited states of mole- 
cules and the chemical binding of their atoms; Dr. Olive C. Hazlett, assis- 
tant professor of mathematics, University of Illinois, for the continuation 
of studies of the arithmetics of linear associative algebras; Dr. R. J. 
Kennedy, research associate, California Institute of Technology, for the 
continuation of researches in the theory of radiation; Dr. W. M. Latimer, 
associate professor of chemistry, University of California, for the study of 
the thermodynamic treatment of solutions with a view to extending work 
on the entropy of aqueous ions; Dr. R. S. Mulliken, associate professor of 
physics, University of Chicago, for work on theoretical problems con- 
nected with the subject of the formation and dissociation of molecules and 
the assignment of quantum numbers for electrons in molecules, based on 
the study of band spectra; Dr. J. C. Slater, assistant professor of physics, 
Harvard University, for research in quantum mechanics; Dr. C. H. Smiley, 
instructor in mathematics, University of Illinois, to investigate methods 
of determining orbits of comets and asteroids; Dr. J. H. Van Vleck, pro- 
fessor of theoretical physics, University of Wisconsin, for research in 
quantum mechanics; Dr. G. T. Whyburn, adjunct professor of mathe- 
matics, University of Texas, for research in point set theory, with particular 
emphasis on the structure of continua and of continuous curves. The 
above list includes renewals. 


Professor A. Fraenkel, of the University of Kiel, has declined a per- 
manent professorship at the University of Jerusalem, but has accepted an 
appointment for the academic years 1929-30, 1930-31. Dr. R. Schmidt 
will take his place at the University of Kiel during this interval. 


Dr. Vojtéch Iarnik, of the Czech University at Prague, has been pro- 
moted to an associate professorship of mathematics. 


Dr. Heinrich Ott has been promoted to an associate professorship of 
theoretical physics at the University of Wiirzburg. 


Associate Professor Bernhard Schilling, of the Dresden Technical 
School, has been appointed professor of mathematics at the University 
of Santiago, Chile. 
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Associate Professor Viktor Trkal, of the Czech University at Prague 
has been promoted to a professorship of theoretical physics. 


Dr. W. Hurewicz has been admitted as privat docent at the University 
of Amsterdam. 


Professor J. Sun, of Yenching University, Pekin, has been appointed 
head of the department of astronomy at North-Eastern University, 
Mukden, China. 


At Cambridge University, F. C. Burkill, of Peterhouse, P. A. M. Dirac, 
of St. John’s, and F. P. Ramsey, of King’s, have been appointed university 
lecturers in mathematics. Dr. W. M. Smart, of Trinity College, chief assist- 
ant at the Observatory, has been appointed to the John Couch Adams 
astronomership. 


Mr. E. C. Titchmarsh, of the University of London, has been appointed 
professor of pure mathematics at the University of Liverpool. 


Associate Professor B. A. Bernstein, of the University of California, 
has been promoted to a professorship of mathematics. 


Professor Florian Cajori, of the University of California, has retired, 
as professor emeritus of the history of mathematics. 


Associate Professor C. C. Camp, of the University of Nebraska, has been 
promoted to a professorship. 


Assistant Professor E. F. A. Carey, of the University of Montana, has 
been promoted to an associate professorship. 


Assistant Professor E. U. Condon, of Princeton, has been appointed 
professor of theoretical physics at the University of Minnesota. 


Dr. C. M. Cramlet, National Research Fellow, has been appointed as- 
sistant professor of mathematics at the University of Washington. 


Associate Professor J. C. Fitterer, of the Colorado School of Mines, 
has been promoted to a professorship. 


Dr. William Gafafer has been appointed research associate at Johns 
Hopkins University. 

Mr. W. H. Gage, of Victoria College, British Columbia, has been pro- 
moted to an assistant professorship of mathematics. 


Associate Professor C. A. Garabedian, of the University of Cincinnati, 
has been appointed associate professor of mathematics at St. Stephen’s 
College, Columbia University. 

Professor W. V. N. Garretson, of Ouachita College, Arkadelphia, has 
been appointed associate professor of mathematics at the Oklahoma Agri- 


cultural and Mechanical College. 
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Assistant Professor H. C. Hicks, of the University of Oregon, has been 
appointed professor of mathematics and aeronautics at Texas Technological 
College. 


Assistant Professor J. W. Hurst, of Montana State College, has been 
promoted to an associate professorship. 


Dr. C. G. Jaeger, of the University of Missouri, has been appointed 
to an assistant professorship at Tulane University. 


Assistant Professor R. A. Johnson, of Hunter College, has been pro- 
moted to an associate professorship. 


Miss Elizabeth Knight, of the Milwaukee State Normal School, has 
been promoted to an assistant professorship. 


Miss Edna Kramer has been appointed assistant professor of mathe- 
matics at the New Jersey State Teachers College, Upper Montclair. 


Assistant Professor C. H. Langford, of the University of Washington, 
has been appointed associate professor of philosophy at the University of 
Michigan. 


Mr. T. R. Long has been promoted to an assistant professorship at 
the University of Rochester. 


Associate Professor C. E. Love has been promoted to a professorship 
at the University of Michigan. 


Mr. C. I. Lubin, of the University of Cincinnati, has been promoted 
to an assistant professorship. 


Mr. C. T. Male, of Union College, has been promoted to an assistant 
professorship. 


Mr. A. E. Meder has been promoted to an assistant professorship at the 
New Jersey College for Women, Rutgers University. 

Dr. T. W. Moore, National Research Fellow, has been appointed re- 
search associate at Princeton University. 

Dr. G. W. Myers, professor of the teaching of mathematics and astron- 
omy in the school of education at the University of Chicago, has retired. 

Mr. G. A. Parkinson, of the University of Wisconsin, has been promoted 
to an assistant professorship. 

Mr. C.S. Porter, of Amherst College, has been promoted to an associate 
professorship. 


Associate Professor B. P. Reinsch, of Southern Methodist University, 
has been promoted to a professorship of mathematics. 


Assistant Professor H. P. Robertson, of the California Institute of 
Technology, has been appointed assistant professor of mathematical 
physics at Princeton University. 
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Dr. I. M. Sheffer, National Research Fellow, has been appointed 
assistant professor of mathematics at Pennsylvania State College. 


Assistant Professor J. H. Taylor, of the University of Wisconsin, has 
been appointed professor of mathematics at George Washington University. 


Mr. G. C. Vedova has been promoted to an assistant professorship at 
St. John’s College, Annapolis. 


Assistant Professor R. L. Wilder, of the University of Michigan, has 
been promoted to an associate professorship. 


Mr. F. G. Williams, of Cornell University, has been appointed professor 
of mathematics at Susquehanna University. 


The following appointments to instructorships are announced: 

Columbia University, Dr. A. A. Albert. 

College of the City of Detroit, Dr. K. W. Folley, Dr. D. C. Morrow. 

Harvard University, Mr. A. E. Andersen, Mr. A. E. Currier, Mr. G. A. 
Hedlund, Mr. S. H. Kimball, Mr. G. B. Morrey, Mr. S. B. Myers, Mr. G. 
Sauté, Mr. G. B. Van Schaack, Mr. C. Wexler. 

Long Island University, Mr. E. A. Knobelauch. 

Purdue University, Mr. E. L. Klinger, Mr. J. M. Thompson. 

Rice Institute, Dr. L. M. Blumenthal. 

Worcester Polytechnic Institute, Mr. S. A. Lepeshkin. 


Professor Henri Andoyer, of the Sorbonne, member of the Paris Acad- 
emy of Sciences in the section of astronomy, died June 12, 1929, at the 
age of sixty-six. 


Dr. Karl Heun, professor of theoretical mechanics at the Karlsruhe 
Technical School, died January 10, 1929. 


Professor E. Hoppe, of Gottingen, known for his work in the history 
of mathematics, died August 12, 1928. 


George Birtwistle, fellow of Pembroke College, Cambridge, died May 
19, 1929, at the age of fifty-two. 


Sir George Knibbs, of Melbourne, Australia, formerly director of the 
Commonwealth Institute of Science and Industry, and author of The 
Mathematical Theory of Population, died March 30, 1929, at the age of 
seventy. 
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NEW PUBLICATIONS 
PAKT I. PURE MATHEMATICS 


ApPELL (P.) Sur la décomposition d’une fonction méromorphe en éléments 
simples. (Mémorial des Sciences Mathématiques, No. 36.) Paris, 
Gauthier-Villars, 1929. 

Bore (E.). Lecons sur les fonctions de variables réelles et les développe- 
ments en séries de polynomes. 2e édition. Paris, Gauthier-Villars, 
1928. 12+158 pp. 

Bropetsky (S.). The meaning of mathematics. London, Benn, 1929. 
80 pp. 

CARMICHAEL (R. D.). Théorie des nombres. Paris, Les Presses Univer- 
sitaires de France, 1929. 90 pp. 

CarnaP (R.). Abriss der Logistik. (Schriften zur Wissenschaftlichen Welt- 
auffassung, Band 2.) Wien, Springer, 1929. 113 pp. 

Cassina (U.). Calcolo numerico con numerosi esempi e note storiche ori- 
ginali. Bologna, Zanichelli, 1928. 19+453 pp. 

CerF (G.). Transformations de contact et problémes de Pfaff. (Mémoriai 
des Sciences Mathématiques, No. 37.) Paris, Gauthier-Villars, 1929. 
58 pp. 

Currier (C. H.) and Watson (E.E.). A course in general mathematics. 
New York, Macmillan, 1929. 8+413 pp. 

Devaux (P.). See (B.). 

EpprncTon (A. S.). Science and the unseen world. London, Allen and 
Unwin, 1929. 56 pp. 

ForsytH (A. R.). Mathematics in life and thought. Cardiff, University of 
Wales Press Board, 1929. 34 pp. 

Gauss (C. F.). Werke, herausgegeben von der Gesellschaft der Wissen- 
schaften zu Gottingen. 11ten Bandes 2te Abteilung, Abhandlung 2: 
Uber Gauss’ physikalische Arbeiten (Magnetismus, Elektrodynamik, 
Optik), von C. Schaefer. Band 12: Varia. Kleinere Notizen ver- 
schiedenen Inhalts. Berlin, Springer, 1929. 217+415 pp. 

Gorp1Nn (J.). Untersuchungen zur Theorie des unendlichen Urteils. 
Berlin, Akademie-Verlag, 1929. 6+168 pp. 

Grau (J. G.). Grundriss der Logik. 3te durchgesehene und erweiterte 
Auflage. Leipzig, Teubner, 1929. 6+162 pp. 

GRELLING (K.). See RussELt (B.). 

GrirFFitH (C. L. T.). Logarithms of feet, inches and fractions for direct 
calculation in British units of length. London, Spon, 1929. 34 pp. 

HJELMSLEV (J.). See Mone (G.). 

JAVELoT (—.). Exercices d’algébre. Paris, Vuibert, 1929. 200 pp. 

KEELING (S. V.). Logic and reasoning. London, Benn, 1929. 80 pp. 

Keynes (J. N.). Studies and exercises in formal logic including a gen- 
eralization of logical processes in their application to complex in- 
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ferences. 4th edition, rewritten and enlarged. London, Macmillan, 
1928. 24+548 pp. 

Lampe (E.). Mathematik und Sport. (Mathematisch-Physikalische 
Bibliothek.) Leipzig, Teubner, 1929. 53 pp. 

Latta (R.) and MacseatH (A.). The elements of logic. London, Mac- 
millan, 1929. 8+393 pp. 

LétzBeEYeER (P.). Vierstellige Tafeln zum logarithmischen und Zahlen - 
rechnen. Graphische Rechentafeln. Ausgabe B. 3te Auflage. Leipzig, 
Teubner, 1928. 

Loria (G.). Histoire des sciences mathématiques dans I’antiquité hel- 
lénique. Paris, Gauthier-Villars, 1929. 215 pp. 

MacsBeEaTH (A.). See Latta (R.). 

Mour (G.). Euclides Danicus Amsterdam 1672. Mit einem Vorwart von 
J. Hjelmslev und einer deutschen Ubersetzung von J. Pal. Udgivet 
af det Kgl. Danske Videnskabernes Selskab. K¢benhavn, H¢st, 1928. 
8+36+41 pp. 

NEUGEBAUER (O.), STENZEL (J.), und Toeptitz (O.), herausgegeben von. 
Quellen und Studien zur Geschichte der Mathematik. Abteilung B: 
Studien. Band 1, Heft 1. Berlin, Springer, 1929. 112 pp. 

NEVANLINNA (R.). Le théoréme de Picard-Borel et la théorie des fonctions 
méromorphes. Paris, Gauthier-Villars, 1929. 7+174 pp. 

Noev (E.) et Prévost (J.). Deux heures de mathématiques. Paris, 
Editions Kra, 1929. 

NOrLuNpD (N. E.). Lecons sur les équations linéaires aux différences finies. 
(Borel Monograph.) Paris, Gauthier-Villars, 1929. 6+153 pp. 

PAL (J.). See Mour (G.). 

Pascat (E.). Repertorium der héheren Mathematik. 2te Auflage, heraus- 
gegeben von E. Salkowski und H. E. Timerding. Band 1: Analysis. 
3ter Teilband. Leipzig, Teubner, 1929. 12+574 pp. 

Peirce (B. O.). A short table of integrals. 3d revised edition. Boston, 
Ginn, 1929. 156 pp. 

PRABODH CHANDRA SENGUPTA. The Aryabhatiyam. Translation. Cal- 
cutta, University Press, 1927. 56 pp. 

Prevost (J.). See Noet (E.). 

RussELL (B.). Méthode scientifique en philosophie. Traduit de l’anglais 
par P. Devaus. Paris, Vrin, 1929. 24+196 pp. 

—— Philosophie der Materie. Deutsch von K. Grelling. Leipzig, Teubner, 
1929. 11+433 pp. 

—— Sceptical essays. 2d edition. London, Allen and Unwin, 1929. 251 pp. 

SsLkowskI (E.). See Pascat (E.). 

SANCHEZ P£reEz (J. A.). Las matemifticas en la Biblioteca’ del Escorial. 
Madrid, Real Academia de Ciencias, 1929. 

ScHAEFER (C.). See Gauss (C. F.). 

SPERNER (J.). Neuer Beweis fiir die Invarianz der Dimensionszahl und 
des Gebietes. (Abhandlungen aus dem mathematischen Seminar der 
Hamburger Universitat, Einzelschriften, Heft 7.) Leipzig, Teubner, 
1928. 88 pp. 

STENZEL (J.). See NEUGEBAUER (O.). 
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TimerpinG (H. E.). See Pascat (E.). 

TorEp.itz (O.). See NEUGEBAUER (O.). 

Tortorici (P.). Esercitazioni matematiche. Parte I. Palermo, Tipografia 
Fratelli Vena, 1929. 

Watson (E. E.). See Currier (C.H.). 

WEITZENBOcK (R.). Der vierdimensionale Raum. Braunschweig, Vieweg, 
1929. 8+142 pp. 

WIELEITNER (H.). Mathematische Quellenbiicher. Band 4: Infini- 
tesimalrechnung. Berlin, Salle, 1929. 8+160 pp. 

ZiLuic (J.). Geometrische Deutung unendlicher Kettenbriiche und ihre 
Approximation durch rationale Zahlen. Ziirich, Fiissli, 1928. 91 pp. 


PART II. APPLIED MATHEMATICS 


ARRHENIUs (S.). See vAN ’T Horr (J. H.). 

AUERBACH (F.) und Hort (W.). Handbuch der physikalischen und 
technischen Mechanik. Band IV, Lieferung 1; Band VI, Lieferung 2; 
Band VII, Lieferung 2. Leipzig, Barth, 1929, 1928, 1929. 6+198 
+18+458+6+252 pp. 

BANISTER (H.). Elementary applications of statistical method. London, 
Blackie, 1929. 4+57 pp. 

BECKER (A.). See WIEN (W.). 

BorFito (G.). Gli strumenti della scienza e la scienza degli strumenti. 
Firenze, Libreria Internazionale Seeber, 1929. 16+-217 pp. 

Bott (M.). L’électron et les applications de |’électricité. Paris, Albin 
Michel, 1929. 403 pp. 

BouLiGANpD (G.). Compléments et exercices sur la mécanique des solides. 
Paris, Vuibert, 1929. 132 pp. 

Cayjori (F.). The chequered career of Ferdinand Rudolph Hassler, first 
superintendent of the United States Coast Survey. A chapter in the 
history of science in America. Boston, Christopher, 1929. 245 pp. 

Carson (J. R.). Elektrische Ausgleichungsvorginge und Operatorenrech- 
nung. Erweiterte deutsche Bearbeitung von F. Ollendorff und K. 
Pohlhausen. Berlin, Springer, 1929. 9+186 pp. 

CHAPEL (—.). Apercu sur le réle des astéroides dans la physique du globe. 
Volume 1. Paris, Berger-Levrault, 1928. 16+164 pp. 

Darrow (K. K.). Elementare Einfiihrung in die Schrédingersche Wellen- 
mechanik. Aus dem Englischen iibersetzt und erginzt durch E. 
Rabinowitsch. Leipzig, Hirzel, 1929. 120 pp. 

Desye (P. D.). Polar molecules. New York, Chemical Catalog Company, 
1929. 172 pp. 

EIsNER (F.). Widerstandsmessungen an umstrémten Zylindern von 
Kreis und Briickenpfeilerquerschnitt. Berlin, Springer, 1929. 6+-98 pp. 

Emettus (K.G.). The conduction of electricity through gases. London, 
Methuen, 1929. 10+-94 pp. 

EuckEN (A.). See MiLLER (J.), WIEN (W.). 

FORSTERLING (K.). Lehrbuch der Optik. Leipzig, Hirzel, 1928. 610 pp. 
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Fortrat (R.). Introduction 4 l’étude de la physique théorique. Fascicule 
4: Electricité et magnétisme. Paris, Hermann, 1929. 180 pp. 

Fric (R.). See THomson (J. J.). 

Haas (A.). Atomtheorie. 2te, véllig umgearbeitete und wesentlich ver- 
mehrte Auflage. Berlin, de Gruyter, 1929. 258 pp. 

Harms (F.). See WIEN (W.). 

Herotp (S. C.). Analytical principles of the production of oil, gas and 
water from wells. A treatise based upon a system of fluid mechanics 
particularly adapted to the study of the performance of natural 
reservoirs. With a foreword by C. F. Tolman and a final summary 
by E. K. Parks. Stanford University, Stanford University Press, 1928. 
19+659 pp. 

vAN 'T Horr (J. H.) and ArrHENIUs (S.). The foundations of the theory 
of dilute solutions. Papers on osmotic pressure, by J. H. van ’t Hoff, 
and on electrolytic dissociation, by S. Arrhenius. Edinburgh, Oliver 
and Boyd, 1929. 67 pp. 

Hort (W.). See AUERBACH (F.) 

INCHLEY (W.). The theory of heat engines. Revised by A. Morley. 3d 
edition. London and New York, Longmans, 1929. 12+504 pp. 
Jeans (J.H.). Astronomy and cosmogony. 2d edition. Cambridge, Univer- 

sity Press, 1929. 10+428 pp. 

Jerrreys (H.). The earth. Its origin, history and physical constitution. 
Cambridge, University Press, 1929. 346 pp. 

Joos (G.). Atomphysik und Sternphysik. Antrittsvorlesung. Jena, 
Fischer, 1929. 15 pp. 

KaMMULLER (K.). Die Theorie der Gewichtsstaumauern unter Riicksicht 
auf die neueren Ergebnisse der Festigkeitslehre. Berlin, Springer, 
1929. 7+60 pp. 

KIRCHBERGER (P.). Die Entwicklung der Atomtheorie. 2te verbesserte 
und erweiterte Auflage. Karlsruhe-Baden, C. F. Miiller, 1929. 294 
pp. 

Kiemin (A.) and TitterTon (G. F.). Airplane stress analysis. An intro- 
ductory treatise. New York, Ronald Press, 1929. 278 pp. 

KnosLaucu (O.). See WIEN (W.). 

von LavE (M.). See Voict (W.). 

LawRENcE (A. S. C.). Soap films. A study of molecular individuality. 
London, Bell, 1929. 11-+141 pp. 

Lenz (H.). See WIEN (W.). 

Levinson (H. C.) and ZEIsLER (E. B.). The law of gravitation in rela- 
tivity. Chicago, University of Chicago Press, 1929. 116 pp. 

LuMMER (O.). See MULLER (J.). 

McFar.anp (E.). Textbook of ordnance and gunnery. New York, Wiley, 
1929. 10+625 pp. 

Macnus (A.). Lehrbuch der Thermodynamik fiir Studierende der Chemie 
und verwandter Wissenschaften. Leipzig, Akademische Verlagsge- 
sellschaft, 1929. 12+288 pp. 

Matscu (F.). Grundrisse der darstellende Geometrie. Leipzig, Quelle und 
Meyer, 1928. 113 pp. 
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Mayes (C.). Electricity and magnetism. London, Dent, 1929. 7+203 pp. 

Mor ey (A.). See INCHLEY (W.). 

M@ (C.). See WIEN (W.). 

Mixer (J.) und Poumtet (C. S. M.). Lehrbuch der Physik. 1ite 
Auflage, herausgegeben von A. Eucken, O. Lummer, und E. Waetz- 
mann. In 5 Banden. Band I: Mechanik und Akustik. iter, 2ter 
und 3ter Teil, herausgegeben von E. Waetzmann. Braunschweig, 
Vieweg, 1929. 16+848+8+410+12+484 pp. 

Munk (M. M.). Fundamentals of fluid dynamics for aircraft designers. 
New York, Ronald Press, 1929. 198 pp. 

NEwTOoN (I.). Optics; or, a treatise of the reflections, inflections and 
colours of light. The third edition, corrected. In Russian, translated 
by S. I. Vavilof. Moscow and Leningrad, Gosudarstvennia Izdatelstvo, 
1927. 373 pp. 

OLLENDORFF (F.). See Carson (J. R.). 

Parks (E. K.). See Hero tp (S. C.). 

PLuMMER (H.C.). The principles of mechanics. An elementary course. 
London, Bell, 1929. 12+307 pp. 

Péscui (T.). Methoden und Probleme der Elastizitatstheorie. Braun- 
schweig, Vieweg, 1929. 23 pp. 

Pout (R. W.). Einfiihrung in die Elektrizitatslehre. 2te, verbesserte 
Auflage. Berlin, Springer, 1929. 7+259 pp. 

PoHLHAUSEN (K.). See Carson (J. R.). 

(C. S. M.). See (J.). 

RaBINowITscH (E.). See Darrow (K. K.). 

Ramsey (A.S.). Dynamics. A text-book for the use of the higher divisions 
in schools and for the first year students at the universities. Cam- 
bridge, University Press, 1929. 12+259 pp. 

REIHER (H.). See WIEN (W.). 

REINICKE (R.). Uber die Veranschaulichungsméglichkeit des gesamten 
Spektralgebietes durch ein gemeinsames kubisches Elektronengitter. 
Miinchen-Schwabing, Selbstverlag, 1928. 16 pp. 

Rotue (H.). See WIEN (W.). 

Roy (L.). Problémes de statique graphique et de résistance des matériaux. 
Paris, Gauthier-Villars, 1929. 8+119 pp. 

SANDGATHE (F.). Die absolute Zeit in der Relativitaitstheorie. Ein raum- 
zeitlicher Umbau der Relativititstheorie. Berlin, Heymann, 1928. 
132 pp. 

ScHAEFER (C.). Einfiihrung in die theoretische Physik. 3te, verbesserte 
und vermehrte Auflage. Band 1. Berlin, de Gruyter, 1929. 124991 pp. 

Scuottky (W.). Thermodynamik. Die Lehre von den Kreisprozessen der 
physikalischen und chemischen Veranderungen und Gleichgewichten. 
Eine Einfiihrung zu den thermodynamischen Problemen unserer 
Kraft- und Stoffwirtschaft. Berlin, Springer, 1929. 25+619 pp. 

—— See WIEN (W.). 

SCHWEIDLER (E.). See WIEN (W.). 

SERVIEN (P.). Introduction 4 une connaissance scientifique des faits 
musicaux. Paris, Blanchard, 1929. 55 pp. 
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Srvon (H.). See WIEN (W.). 

STRACKE (G.). Bahnbestimmung der Planeten und Kometen. Berlin, 
Springer, 1929. 8+365 pp. 

THomson (J. J.). La structure de la lumiére. Traduit par R. Fric. Paris, 
Blanchard, 1929. 50 pp. 

TITTERTON (G. F.). See KLEMIN (A.). 

Totman (C. F.). See HEROLD (S. C.). 

VAHLEN (T.). Deviation und Kompensation. Neue Grundlegung der The- 
orie, neue Anwendung auf die Praxis. Braunschweig, Vieweg, 1929. 
8+188 pp. 

VaviLoF (S. I.). See NEwTON (I.). 

vAN VEEN (H. J.). Leerbook der beschrijvende meetkunde. Deel II. 
Groningen, Noordhoff, 1929. 

Vorct (W.). Lehrbuch der Kristallphysik. Nachdruck der ersten Auflage 
erginzt durch eine spitere Arbeit des Verfassers und mit einem 
Geleitwort von M. von Laue. Leipzig, Teubner, 1928. 26+978 pp. 

WAETZMANN (E.). See (J.). 

VON WARTENBERG (H.). See WIEN (W.). 

WIEN (W.) und Harms (F.), herausgegeben von. Handbuch der Experi- 
mentalphysik. Band 8, Teil 1: Energie und Warmeinhalt, bearbeitet 
von A. Eucken. Band 9, Teil 1: Hohe und tiefe Temperaturen, von H. 
von Wartenberg; Gasverfliissigung und ihre thermodynamischen 
Grundlagen, von H. Lenz; Wirmeleitung, von O. Knoblauch und H. 
Reiher; Warmestrahlung, von W. Wien und C. Miiller. Band 13, 
Teil 1: Ionenleitung in Gasen, von E. Schweidler; Die elektrischen 
Eigenschaften der Flamme, von A. Becker. Band 13, Teil 2: Physik 
der Gliihelektroden, von W. Schottky und H. Rothe; Herstellung 
der Gliihelektroden, von H. Simon; Technische Elektronenréhren und 
ihre Verwendung, von H. Rothe. Leipzig, Akademische Verlagsge- 
sellschaft, 1929, 1929, 1929, 1928. 15+736+14+484+8+4314+492 
pp. 

WInTNER (A.). Spektraltheorie der unendlichen Matrizen. Einfiihrung in 
den analytischen Apparat der Quantenmechanik. Leipzig, Hirzel, 
1929. 8+270 pp. 

ZANDER (W.). Der Einfluss von Oberflaichenbeschadigungen auf die Bie- 
gunsgschwingungsfestigkeit. Berlin, Nem-Verlag, 1929. 3+65 pp. 

ZEISLER (E. B.). See Levinson (H. C.). 
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Votume I. Linear Systems of Curves on Algebraic +a by 
H. S. White; Forms of Non-Euclidean Space, by F. S. Woods; 
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Votume VI. The Logarithmic Potential. Discontinuous Dirichlet 
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BOOKS WANTED 
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ments of Mathematics in Colleges and Universities; but needs that can be supplied 
through obvious cial « should not appear here. 


Wanted by this Society: Volumes 1-11 of this Bulletin, and volumes 
1-3 of the New York Mathematical Society, or any volume or part of a 
volume. Address: American Mathematical Society, 501 West 116th St., 
New York City. 


Wanted by Harvard University Library: The following parts of En- 
cyklopadie der Mathematischen Wissenschaften: vol. 3, part 4 (article 
by Liebmann) ; vol. 4 (2), part 2 (articles by Finsterwalder and Kranz) ; 
vol. 5 (I), part 5 (article by Kammerlingh-Onnes and Keim). Ad- 
dress: J. L. Coolidge, 27 Fayerweather St., Cambridge, Mass. 


Wanted by the Mathematical Department of the University of Sydney, 
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By FLORIAN CAJORI 
2 volumes, $6.00 each 


Volume I—Notations in Elementary Mathematics 
Volume IIi—Notations Mainly in Higher Mathematics 


Ts book marks a new venture in mathematical literature. 

It is the first book written which gives in detail the history 
of mathematical symbols from the earliest times down to the 
present day. 


It will be found a real addition to the reference shelves 
of the libraries of high schools, colleges and of public libraries 
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Send for complete catalog of books 


THE OPEN COURT PUBLISHING COMPANY 
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Edited by Henri VILLAT 
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The following twenty-six monographs have appeared at 15 fr. each. 


Paut ApPELL, Sur une forme générale des équations de la dynamique. 

G. Va.iron, Fonctions entiéres et fonctions méromorphes. 

PauL APPELL, Séries hypergéométriques de plusiers variables, polynomes 
Hermite et autres fonctions sphériques de lhyperespace. 
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P. Lévy, Analyse fonctionnelle. 

E. Goursat, Le probléme de Backlund. 

A. Buu, Séries analytiques. Sommabilité. 

TH. Donner, Introduction la gravifique einsteintenne. 

E. Cartan, La géométrie des espaces de Riemann. 

P. Humsert, Fonctions de Lamé et fonctions de Mathieu. 


G. Bovuticanp, Fonctions harmoniques. Principes de Picard’ et de 
Dirichlet. 


R. Gosse, La méthode de Darboux pour les équations s=f (x, y, 2, p, q). 

A. Véronnet, Figures d’équilibre et cosmogonie. 

TH. pe Donper, Théorie des champs gravifiques. 
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. Bunt, Formules Stokiennes. 

G. Vattron, Théorie générale des séries de Dirichlet. 

A. Satnte-LacuE, Les réseaux (ou graphes). 

R. Lacrance, Calcul différentiel absolu. 

A. Biocu, Les fonctions holomorphes et méromorphes dans le cercle- 
unité. 

. Janet, Les systémes d’équations aux dérivées partielles. 

Gopeaux, Les transformations birationnelles du plan. 

Rémounpos, Extension aux fonctions algébroides multiformes du 
théoréme de M. Picard et de ses applications. 

. E. NOrtunp, Sur la “somme”’ d’une fonction. 

Darnoats, Les équations de la gravitation einsteinienne. 

GampierR, Déformation des surfaces étudiées du point de vue in- 
finitésimal. 
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Many others are in press or in preparation. 
For all information, address 


Gauthier-Villars et Cie., 55, Quai des 
Grands-Augustins, Paris 
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JUST PUBLISHED 


Granville-Smith-Longley 


Elements of the Differential 
and Integral Calculus 


Second Revised Edition 


New problem material. A rearrangement of content to con- 
form to the accepted modern point of view and make the 
book more suitable for a shorter course. These excellent 
new features are combined in this revision with the clearness 
of exposition which made the previous edition so popular. 


GINN AND COMPANY 


Boston New York Chicago Atlanta Dallas Columbus San Francisco 


THE PASTURES 
OF WONDER 


by 
Cassius J. Keyser 
$2.75 


This work, written pri- 
marily for intelligent lay- 
men, 1s devoted to an 
exposition of the modern 
meaning of the term 
Mathematics and to a 
critical proposal of a defi- 
nition of the term Sci- 
ence, which has never 
been defined definitely or 
authoritatively. The dis- 
cussion includes a search- 
ing examination of the 
relations of Philosophy 
to Mathematics on the 
one hand and to Science 
on the other. 


Columbia University Press, New York 
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OFFICIAL COMMUNICATIONS 


Meetings of the Society have been fixed at the following 
times and places: 


New York Ciry, October 26, 1929. 

Abstracts must be in the hands of the Secretary of the Society, Pro- 
fessor R. G. D. Richardson, 501 West 116th St., New York City, not 
later than October 5. An invited address will be given by Professor 
Tomlinson Fort; see page 740. 

CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA, November 
1929. 

Abstracts must be in the hands of Associate Secretary B. A. Bern- 
stein, University of California, Berkeley, Calif., not later than Novem- 
ber 1. By invitation of the Program Committee. An invited address will 
be given by Professor M. W. Haskell; see page 740 
ANw Arsor, Micuican, November 29-30, 1929. 

Abstracts must be in the hands of Associate Secretary M. H. In- 
graham, University of Wisconsin, Madison, Wisconsin, not later than 
November 7. Invited addresses will be given by Professors Tomlinson 
Fort and L. M. Graves; see page 740. 

BETHLEHEM, PENNSYLVANIA, ANNUAL MEETING, December 
27-28, 1929. 

Abstracts must be in the hands of the Secretary of the Society, Pro- 
fessor R. G. D. Richardson, 501 West. 116th St., New York City, not 
later than November 30. A symposium on the differential equations 
of encineering has been arranged; invited addresses will be given by 
Professors H. W. March, Vannevar Bush, S. Timoshenko, Dr. T. H 
Gronwall, Dr. A. Nadai, and Mr. R. H. Park; see page 740. 


Des Mornes, IowA, December 30-31, 1929. 

Abstracts must be in the hands of Agsociate Secretary M. H. In- 
graham, University of Wisconsin, Madison, Wisconsin, not later than 
November 30. There will be the usual joint session with Section A of 
the American Association for the Advancement of Science and with 
the Mathematical Association of America. Addresses will be given by 
Professors L. L. Dines and O. D. Kellogg; see page 740. The Josiah 
Wilard Gibbs address by Professor Fisher on Application of mathe- 
matics to the social sciences, will be held on Tuesday, December 31. 
More detailed announcements will be made later. 

New York City, February 21, 1930. 

Abstracts must be in the hands of the Secretary of the Society, Profes- 
sor R. G. D. Richardson, 501 West 116th St., New York City, not later 
than February 1. An invited address will be given by Mr. E. C. Molina 
on The theory of probabilities. 

R. G. D. RicHARDsoN, 


Secretary of the Society. 


Articles for insertion in the BuLLetrn should be addressed to E. R. 
Hepricx, Editor of the Burietin, University of California at Los 
Angeles. Reviews should be sent to W. R. Lonctey, Yale University, 
New Haven, Conn. Notes should be sent to H. W. Kuun, Ohio State 
University, Columbus, Ohio. 

Subscriptions to the Buttetin, orders for back numbers, and in- 
quiries in regard to non-delivery of current numbers should be addressed 
to the American Mathematical Society, Menasha, Wis., or 501 West 
116th Street, New York. 

The initiation fees ($5.00) and the Sade dues ($6.00) of members 
of the Society are payable to the Treasurer of the Society, W. B. Frre, 
501 West 116th Street, New York. 
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